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Page 7. Last line but one, W. J. should be J. W. 

„ 18. Sixth line, MM should be MM'. . 

„ 23. Last line but one, maximum should be minimum. 

„ 48. The following historical note in reference to (5) has 
been omitted : — 

As regards the expressions for «, Sj, Sg, s^ some 
are given in Heron's theorem regarding the area of 
a triangle; some are given by Euler in j^ovi Com- 
mentarii Academiae...Petropolitanas for the years 
1747-8, L 49-66 (1750). All except those where 
D, E, F occur are given in the Ladies* Diary for 
1759 ; all are given by T. S. Davies in the Ladies' 
Diary for 1835, pp. 51-2. 

Six of the expressions for a, 6, c are given by 
T. S, Davies in the Ladies' Diary for 1835, p. 52. 
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PROCEEDINGS 



OF THE 



EDINBURGH MATHEMATICAL SOCIETY. 



FIRST SESSION, 1883. 



The Edinburgh Mathematical Society owes its origin to the 
suggestion of the late Mr A. Y. Eraser, at that time one of the 
mathematical masters in George Watson's College, Edinburgh. 
With him were closely associated Mr A. J. G. Barclay, now of 
Glasgow High School,* and Dr 0. G. Knott of the University of 
Edinburgh. The following is the circular which they issued to 
those persons throughout the kingdom whom they deemed likely 
to take an interest in such a Society : 

Edinburgh University, 
January 23, 1883. 
Dear Sir, 

We, the undersigned, beg to call your attention 
to the following proposal, in the hope that you will find it in your 
power to give it your support : 

It is proposed to establish, primarily in connection with the 
University, a Society for the mutual improvement of its members 
in the Mathematical Sciences, pure and applied. 
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Amongst the methods by which this object might be attained 
may be mentioned: Reviews of works both British and Foreign, 
historical notes, discussion of new problems or new solutions, and 
comparison of the various systems of teaching in different countries, 
or any other means tending to the promotion of Mathematical 
Education. 

It is suggested tha;t the Society be formed, in the first instance, 
of all those who shall give in their names on or before February 2, 
1883, and who are 

(1) present or former students in either of the Advanced 

Mathematical Classes of Edinburgh University, 

(2) Honours Graduates in any of the British Universities, or 

(3) recognised Teachers of Mathematics ; 

and that, after the above mentioned date, members be nominated 
and elected by ballot in the usual manner. 

It may be added that Professors Tait and Chrystal have expressed 
themselves as highly favourable to the project, as one that may lead 
to important results. 

If there are any of your friends who might take an interest in 
the Society, kindly inform them of its objects, and invite them to 
attend the Preliminary Meeting, to be held in the Mathematical 
Glass Boom here, on Friday, February 2, 1883, at Eight p.m., at 
which meeting your presence is respectfully requested. 

We are. 

Yours faithfully, 

CARGILL G. KNOTT, D.Sc. (Edm.), F.R.S.E. 
A. J. G. BARCLAY, M.A. (Edin.). 
A. Y. FRASER, M.A. (Aberdeen). 
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Preliminary Meeting, February 2n<f, 1883. 



0. G. Knott, Esq., D.Sc, F.R.S.E., in the Chair. 



At this meeting it was agreed to institute a Society to be 
called '*The Edinburgh Mathematical Society." 

The following Office-Bearers were elected : — 

President-^Mr John S. Mackay, M.A., F.R.S.E. 

Vice-President — Mr Alexander Maofarlane, M.A., D.Sc, F.R.S.E. 

Secretary and Treasurer — Mr Cargill G. Knott, D.Sc, F.R.S.E. 

Committee, 

Messrs R. E. Allardicb, M.A. ; A. J. G. Barclay, M.A. ; 

A. Y. Eraser, M.A. ; W. J. Magdonald, M.A. 

The Committee were instructed to draw up a constitution for 
the Society, and to submit the same at the first ordinary meeting. 



First Meeting, March I2thy 1883. 



John S. Mackay, Esq., M.A., F.R.S.E., President, in the Chair. 



Professor Chrystal, University of Edinburgh, gave an intro- 
ductory address on "Present Fields of Mathematical Research." 

Thereafter, the Society proceeded to the discussion of the draft 
constitution submitted by the Committee. 
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Second Meeting April \Zth^ 1883. 



John Stubgeon Mackay, Esq., M.A., F.R.S.E., President^ in the 

Chair. 



The Triangle and its Six Scribed Circles. 
By John Sturgeon Mackay, M.A. 

[When the Edinburgh Mathematical Society was founded, it was 
deemed impracticable, from the expense that would be involved, to 
print the papers read at its meetings. It was, however, resolved 
that copies of them should be deposited with the Secretary, and 
that these copies should as far as possible be made accessible to the 
members of the Society. Want of leisure during the first session 
prevented me from doing my part in carrying out this intention of 
the Society, and committing to writing the paper which was delivered 
at the second meeting. During its second session, the Society re- 
solved to print its proceedings in whole or in abstract; and a 
beginning was made with the second volume, the first being left 
over for future consideration, as the cost of printing absorbed nearly 
the entire income of the Society. 

Some time afterwards, through the exertions of the late Mr A. 
Y. Eraser, who was then Secretary of the Society, and whose opening 
career was cut short by untimely death, a sum of money was raised 
by voluntary subscription to defray the expense of printing Vol. I. 
Seeing that it was desired by others as well as by myself to have 
the collection of properties of the triangle as ample as possible, I 
obtained the consent of the Society to delay the publication of the 
volume. This delay has been unduly prolonged, and no one but 
myself is to be blamed in connection with it. 

The collection, divided into twenty sections, which has resulted is 
a tolerably large one, fiUiog somewhat more than 1600 quarto pages 
of manuscript. Owing to the impossibility of printing all this 
without a large expenditure of money, that portion has been selected 
which best corresponds with what was communicated to the Society, 
The six scribed circles of the title were the inscribed, the escribed^ 
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the circumscribed, and, as I called it then, the medioscribed (or nine 
point) circles. Part of the section treating of the nine point circle 
was printed in abstract in Vol. II. of the Proceedings, and the rest, 
considerably enlarged, in Vol. XI. What is here printed consists of 
the first section, with the principal properties of some other sections 
incorporated in it, and a statement of the notation which is employed 
throughout all the sections. The remainder of the collection will, 
unless it is anticipated somewhere else, see the light gradually, I 
hope, in the Proceedings of the Society. 

This fragmentary memoir would have appeared more original if 
I had left without note or comment all those properties which I 
had discovered for myself, and it would certainly have looked more 
learned if I had furnished references to all the authorities who have 
discussed various parts of the subject. Unless there was reason to 
the contrary, as, for example, when a new mode of proof was given, 
I have noted simply the first discoverer of a theorem, and have sup- 
pressed all mention of subsequent discoverers. I have not concerned 
myself with problems, with questions of loci, or with trigonometrical 
expressions relating to the triangle, for the simple reason that I 
wished to keep the memoir within manageable bounds. The same 
reason has also led me to defer consideration of the properties of the 
triangle, in which other conic sections than the circle are in- 
volved. /. 

The research which has been necessary to render the historical 
notes scattered throughout the whole collection worthy of attention 
could not, in the limited leisure at my disposal, have been undertaken 
except with the aid of many friends. I gladly seize the present 
opportunity of recording my gratitude for many favours to my 
colleagues of the Edinburgh Mathematical Society, Messrs Alison, 
Allardice, Gibson, Harvey, Macdonald, Fressland, and, in particular, 
the late Mr A. Y. Fraser ; to Messrs Anderson, Langley, and Tucker 
in England ; to Professor Neuberg in Belgium ; to Dr Grebe and 
Professor Fuhrmann in Germany : and to Messrs Aubert, Lemoine, 
De Longchamps, D'Ocagne, and Poulain in France. For two suc- 
cessive summers Messrs Nony and Vuibert put a complete copy of 
their Journal de McUhematiques jSlementaires in my hands, with 
liberty to make such extracts from it as I pleased; and Mr De 
Longchamps, with the courtesy of his nation, has several times 
placed his whole library at my disposal, even when he was absent 
from Paris.] 
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NOTATION 

A few preliminary words are necessary in respect to the 
following scheme of notation. 

In the first place the notation should be uniform, that is to 
say, when a definite point connected with the triangle is under 
consideration it should always be denoted by the same letter, and 
not by one letter at one time and by another letter at another. 
But the converse practice of never using a letter which has denoted 
one special point to denote any other point need not be carried out, 
and indeed cannot be, unless the number of properties investigated 
be very small, or unless recourse be had to letters ornamented with 
an intolerable number of suffixes or accents. To illustrate by an 
example. When the circumcentre of a triangle ABO has to be 
mentioned, it is invariably called O, but in cases where the circum- 
centre does not come into consideration at all, there is no adequate 
reason why O should not be used to denote some other point such 
as the point of concurrency of three angular transversals. 

In the second place capital letters, loaded or not as the case may 
be with an accent or a suffix or even with both, should denote points, 
and small letters should denote lines. I am aware that such a rule 
is not adhered to in some of the best geometrical treatises, for 
instance those of Chasles who constantly uses both capitals and 
small letters to denote points. The extremely prevalent, though 
not universal, practice of denoting the radius of the circumcircle by 
R shows that one deviation at least must be made from the rule if 
accordance with general usage is to be secured. For the distances 
between the incentre, the excentres, and the vertices of a triangle 
Greek letters have been employed. This was found to be unavoid- 
able, if conciseness was to be aimed at. These Greek letters are the 
notation adopted by the discoverers of not a few of the properties* 
connected with the incentre, etc., and I could not invent a better. 

In the third place the notation should conform as far as may be 
to that actually in use among geometers. I have had this considera- 
tion continually before me, and it has caused me a world of trouble. 
For the notation has been changed, rechanged, and changed again ; 
and though I dare not hope that the compromise which has been 

♦ The properties referred to are not contained in the section which is here 
printed. 
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come to will commend itself to everybody as the best in the circum- 
stances, yet if it were needful I could support with a considerable 
weight of authority drawn from one country or another, the 
designation of every important point to which objection might 
be taken. 

POINTS. 

A, B, C, = vertices of the fundamental triangle. 

When the sides of triangle ABC are spoken of, 
they are understood to be taken in the 
order BC, CA, AB. 

A', B', C • =mid points of the sides BO, CA, AB. 

A«, B„, C„ = harmonic conjugates of A', B', C, for* 

BO, CA, AB. 

Ai, Bi, Oi ) = vertices of some triangle related to ABO, for 
A2, B2, Ca > example, anticomplementary, inscribed or 
; circumscribed. 

D, E, F =pointsof contact of sides with incircle. 

= points of intersection of sides with transversal 
= points of intersection of sides with angular 

transversals. 
= projections of a point on the sides. 

I>i, El, Pi \ ^Ist excircle. 

Da, Ejj, F2 > = points of contact of sides with J 2nd excircla 

D„ Ej, F3 ) ( 3rd excircle. 

D', E', F = harmonic conjugates of D, E, F for 

BC, CA, AB. 
s those points in A'B'C which correspond to 
D, E, F in A B 0. 
Similarly for D,', E/, F/, etc. 

G, Go, G», G, -centroids of ABO, HOB, OHA, BAH. 

Go, Gi, Ga, G, - centroids of Iilals, I IsT«, Is I Ii, Ij Ii I- 



♦ Following the example of Mr W. J. Russell, I have used the word-^for" 
instead of the phrase " with respect to." 
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r = point of concurrency of AD, BE, OF. 

Ti, Tj, Tj = points of concurrency of AD^, BEj, CFi, and 

so on. 
These four points are frequently called the 
Gergonne points of ABC. 

H = orthocentre of ABC. 

I = incentre of ABC. 

Ij, I3, I, = 1st, 2nd, 3rd excentres of ABC. 

J = incentre of A^BjCi, the triangle anticomple- 

mentary to ABC. 
Ji> J» Js = Ist, 2nd, 3rd excentres of AiBjCj. 

These four points are frequently called the 
Nagel points of ABC. 

K = insymmedian point *of ABC (Lemoine's point). 

E^, K2, K, — 1st, 2nd, 3rd exsymmedian points of ABC. 

L, M, N = feet of internal angular bisectors of ABC. 

= projections of the symmedian point on the 
sides of ABC. 

= feet of external angular bisectors of ABC. 

= projections of the first exsymmedian point on 
the sides of ABC. 
Similarly for L2, Mg, N2, etc. 

= circumcentre of ABC. 

= point of intersection of three concurrent lines. 

= circumcentre of A'B'C, or nine-point centre 
of ABC. 

= circumcentres of HCB, CHA, BAH, 

= circumcentres of Iil2l8» I Va IJIu VJ- 

= circumcentres of flC A, i2 A B, 12 BC. 

= circumcentres of fl'CA, fi'AB, 12'BO. 

= pairs of isogonal points with respect to ABC. 



L', 


M', 


N' 


L,, 



0' 


N. 


o« 


o„ 


0, 


o„ 


Oi, 


o»o. 


o„ 


o» 


0, 


0,', 0,', 


0,' 


0, 


0' 
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P, P' V = pairs of special points. 

Q.Q' 



f 



R, S, T = points where the perpendiculars of a triangle 

meet the circumcircle. 
= feet of the insymmedians. 
= projections of fi on BC, CA, AB. 

R', S', T' = feet of the exsymmedians. 

= projections of 12' on BO, OA, AB. 

T, Tj, Tft Tg = points of contact of the nine-point circle with 

the incircle and the excircles. 
= centres of the four Taylor circles. 

U, U' = ends of that diameter of the circumcircle which- 

is perpendicular to BO. U is on the 
opposite side of BO from A. 
Similarly for V, V and W, W. 

U, V, W = points in which concurrent lines from A, B, C 

meet the circumcircle ABO. 
= mid points of AH, BH, OH. 

X, Y, Z = feet of the perpendiculars from A, B, C. 

X', Y', Z' = harmonic conjugates of X, Y, Z for 

BC, OA, AB. 
= mid points of YZ, ZX, XY. 

fi, 12' =Brocard points of ABO. 

Regarding the notation which may be adopted for many other 
important points connected with the triangle, such as the isogonic 
and isodynamic centres, the centres of Brocard's circle and Lemoine's 
first circle (triplicate ratio), Steiner's point, Tarry's point, and so on, 
no suggestion is offered for the present. Those who wish to see the 
notations which have been employed may be referred to Mr De 
Longchamps' Journal de MathimcUiques ^Umentaires and to 
M<Uhe8i8, 
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10 



LINES. 

a, hy c =the sides BC, CA, AB of ABC. 



«, A y 


= AI, BI, CI. 


«i. A. yi 


= AI„ BI„ CI,. 


'h.Pi.yi 


= AI„BI„CI^ 


«»^8. 7j 


= AI„ BT„ CI,. 



c4-a, A-^,78-7=IIi,II^ITs. 
«2 + «3, A + A, 71 + 72 = 1,18, T3T1, I1I2. 

d, e, f = the sides EF, FD, DE of DEF. 

Similarly for the sides of DjEiFj, etc. 



= the perpendiculars AX, BY, CZ. 

= the segments AH, BH, CH of the perpendi- 
culars. 

= the segments HX, HY, HZ of the perpendi- 
culars. 

= the perpendiculars OA', OB', 00' from the 
circumcentre. 

= the internal angular bisectors of A, B, C. 
= the external angular bisectors of A, B, C. 

= the medians from A, B, 0. 

= the insymmedians from A, B, C. 
= the exsymmedians from A, B, C. 

>= perpendiculars from any point on 
BC, CA, AB. 

= radius of the incircle. 

«= radii of the 1st, 2nd, 3rd excircles. 



K 


K fh 


Ai', 


V. K' 


A/', 


V. V 


K, 


A» k. 


h, 


l^ k 


K 


K K 


»»1, 


Wj, wis 


»1, 


W» M, 


Vl, 


"» fj 


Pi, 


P^ P» 




r 


r» 


r„ r. 
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= radius of the circumcircle. 
= radii of the circumcircles of 
flOA, 12AB, 12BC. 

= radii of the circumcircles of 
fl'OA, 12' AB, fi'BO. 

= radius of the incircle of XYZ, 

= radii of the 1st, 2nd, 3rd excircles of XYZ. 

» semiperimeter of ABC. 
= «-a, 8 -by 8-c, 

X, y, z = the sides YZ,ZX,XY of XYZ. 



AREAS. 

A, A„, Aj, A, = ABO, HOB, CHA, BAH. 

A. A„ A,, A, = IAT„ 1 1,1^ I3 1 Ii, 1, Ix I. 



Ri, 


R 
It» R, 


R.', 


» R2', Rj' 


ft. 


p 
p» pt 


«i. 


8 

82, «3 
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SECTION I 



§ 1. Centroid. 

§ 2. OlRCUMCENTRE. 

§3. Incentre. 

§ 4. excentres. 

§ 5. Orthocentre. 

§ 6. Euler's Line. 

§ 7. Relations among Radii. 

§8. Area. 
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Sect. I. 13 



§ 1. Cbnteoid. 

The medians of a triangle are concurrent,* 
Figure 1. 

Let the medians BB', CO' cut each other at G ; join AG, and let 
it cut BO at A'. 

Produce AA' to L, making GL equal to GA, and join BL, CL. 

Because O'G bisects AB and AL, 

therefore C'G is parallel to BL. 

Similarly B'G „ „ „ CL; 

therefore BLCG is a parallelogram ; 

therefore A' is the mid point of BC. 

This theorem may be proved in many other ways. 

Dbf. — The point G is called sometimes the centre of gravity f of 
the triangle ABC ; sometimes the centre of mean distances J of the 
points A, B, 0; and more frequently now the centroid^ of the 
triangle ABO. 

The simplest construction for obtaining G by means of the ruler 
and the compasses is the following || : — 

With B as centre and AO as radius describe a circle ; with C as 
centre and AB as radius describe a second circle cutting the former 
below the base at D. Join DO and produce it to meet the second 
circle at E. 

AD and BE intersect at the centroid G. 

(1) A'G«|AG = iAA'. 

Hence the centroid of a triangle may be found by drawing any 
median and trisecting it ; and if two (or a series of) triangles have 
the same vertex and the same median drawn from that vertex, they 
have the same centroid. 

* Archimedes, DepUmorum cequilibriis, I. 13, 14. • 

t Archimedes. 

X Camot, Qeomdrie de Position, p. 815 (1803), and Lhuilier, J^Umens d^Analyu, 
p. X. (1809). 

§ This expression was suggested by T. S. Davies in 1843 in the Mathematicicm 
I. 58. It had been used by Dr Hey in 1814 to designate another point. 

II Mr £. Lemoine in the Report (second part) of the 21st session of the Asso- 
ciation Frangaite pour Vava/noemerU des sciences, p. 77 (1892). 
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14 Sect. I 

(2) Triangle GBC = GOA = GAB = J ABC. 

(3) The sides of triangle A'B'C are respectively parallel to those 
of ABO ; hence these triangles are directly similar. 

Also, since the lines AA', BB', CC joining corresponding vertices 
are concurrent at G, triangles ABO, A'B'O' are homothetic, and G 
is their homothetic centre. 

Dbp. — Triangles such as the fundamental triangle ABC, and 
that formed by joining the feet of its medians have in recent years 
received the following names : — 

A'B'O' is the complementary triangle of ABO. 
ABO „ „ anticomplementary „ . „ A'B'C. 

These names are applied also to corresponding points * in such 
triangles. Thus if P be any point in or outside of triangle ABC, 
and F be the corresponding point in or outside of triangle A'B'C, 

P is the complementa/ry point of P, 
P „ „ anticomplementary „ „ F- 

(4) If AjBiCj be the triangle formed by drawing through 
A, B, parallels to the opposite sides of triangle ABO, 

ABC is the complementary triangle of AjBiCi, 
AiBjiCi „ „ anticomplementary „ „ A B C . 

Figure 2. 

(5) The fundamental triangle ABO is directly similar to the 
triangles cut off from it by the sides of its complementary triangle, 
AC'B', C'BA', B'A'C. 

(6) The centroid of the fundamental triangle is the centroid of 
the complementary triangle; the centroid oiE the complementary 
triangle is the centroid of its complementary triangle ; and so on. 

(7) All straight lines parallel to the base of a triangle and ter- 
minated by the other sides are bisected by the median to the base. 



* See Mr Emile Yigari^'s articles Sur lea PoirUa CompUmentairea in Matkena, 
VII., 5-12, 57-62, 84-9, 105-110 (1887). 
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Sect, t 15 

Hence, if EF, GH, KL . . . be parallel to BO, the points E, G, K . . . 
being on AC, and F, H, L ... on AB, the intersections of 

. BE, OF; BG, CH; BK, CL; FG, EH; FK, EL will all 

lie on the median * from A. 

(8) If two triangles have the same base, the straight line which 
joins their vertices is parallel to and three times as long as the straight 
line which joins their centroids. 

(9) If G be any point in the plane of ABO, and G^, Gj, G^ be 
the centroids of triangles GBC, GCA, GAB, triangle G^GjGc is 
directly similar f to triangle ABC. 

(10) If P be any point on the circumcircle of ABC, the centroids 
of the four triangles PBC, PC A, PAB, ABC are concyclic.J 

For if the centroids of these triangles be denoted by D, E, F, G 
respectively, the quadrilateral DEFG has its sides DE, EF, FG, GD 
respectively parallel to BA, CB, PC, AP, and one-third as long. 

Mr Griffiths states § that if the circle on which the four centroids 
lie be called the centroid-cirole of the quadrangle ABCP, it may 
be shown that the centroid-circles of the five quadrangles that can be 
formed from five concyclic points will also have their centres on the 
circumference of another circle of one-third the radius of the first. 

Townsend gives the following generalisation || of (10) : 

If A, B, 0, D, E, F, etc., be the position of any number (n) of 
equal masses distributed in space, G that of their centre of gravity, 
and A', B', C, D', E', F, etc., those of the centres of gravity of their 
n different groups of (n - 1) ; then always the two systems of n 
points A, B, 0, D, E, F, etc., and A', B', C, D', E', F, etc., are 
similar, oppositely placed with respect to each other, have G for 
their centre of similitude, and (w - 1) : 1 for their ratio of similitude. 

The truth of this is evident, for the several lines AA', BB', CC, 
DD', EE', FF, etc., all connect through G, and are then divided 
internally in the common ratio of (n - 1) : 1. 

* Jaoobi, De Tricmgidorum rectilineorum proprtetatihus, pp. 5-6 (1825). 
t Professor R. E. Allardioe. 

t Mr J. Griffiths, in McUhematteal Questions from the Educational Times, Y. 92 
(1866). 

§ NaUs <m the Geometry of the Plane Triable, p. 65 (1867). 

ij MathemcUical Questions from the Educational Times, Y. 92 (1866). 
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Dbf.^II the vertex A of a triangle ABC be joined to any point 
D in the base, the fourth harmonic ray to AB, AJ>, AC is found by 
dividing BO externally at D' in the ratio BD : CD, and joining AD'. 

When the point D is the mid point of BC, namely A', the 
fourth harmonic ray to AB, AA', AC is the line through A parallel 
to BO, and it may be denoted by AA.. 

Similarly, the line through B parallel to OA will be the fourth 
harmonic ray to BC, BB', BA, and may be denoted by BB« ; the 
line through C parallel to AB will be the fourth harmonic ray to 
OA, CO', OB, and may be denoted by CO.. 

If therefore AA', BB', CO' be called the internal medians of 
triangle ABC, then AA„, BB., CC«, may be called the external 
medians, 

(11) The six medians, internal and external, of a triangle meet 
three and three in four points, which are the centroid and the 
points anticomplementary to the vertices of the triangle, namely 
G, Ai, B„ C,. 

Figure 2. 

Dkp, — The points Ai, Bj, C„ G form a tetrastigm (a system of 
four points, no three of which are collinear), and the three pairs of 
opposite connectors, 

AABA;BAO,A,;C,G,AA 
moot in A ; B ; C, 

which are the centres of the tetrastigm, and ABO is the central 
triangle of Uie tetrastigm. 

If A BOG be the tetrastigm, the points A', B', C are its centres, 
and A*B*C' its central triangle. 

{1*2) I/in the internal niedian A A' of triangle ABC any paint M 
he taktn^ and MP^ MQ he dratcti pei'^yendictdar to ACy AB, then 
MP^ MQ are invtrtifrh/ proportional to AC, AB, 

Figure 3. 

Join MB, MC 

Then AMB = AMC; 

tlw'i^fow ABvMQ = ACMP; 

UMf^fom AB:AO»MP:MQ. 
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(13) If in the external median AA^ of triangle ABC any 'point 
M' he taken, and MF, M'Q' be drawn perpendicular to AC, AB, 
then MP', M'Q' are inversely proportional to AC, AB. 

Figure 4. 

Join M'B, M'C. 

Then AM'B = AM'0; 

therefore ' ABM'Q' = AO MT'; 

therefore AB : A C = MT' : M'Q'. 

(14) If from G the centroid of ABC there be drawn p^, p^tPs 
perpendicular to BC, CA, AB, then 

BO:CA:AB = i- : 1- : 1-. 

Pi Pi Ps 

(15) If from G the centroid of ABO there be drawn p{, p^', p^ 
perpendicular to BjCi, CiAj, AjBj, then 

BC:OA:AB = I- : i- : -1. 

Pi Pi Vi 

(16) If the vertex A of the triangle ABC falls on the base BC, the 
centroid G of the three collinear points A, B, C is found by the con- 
struction indicated m (1) : 

Bisect BO in A', and divide AA' at G so that 

AG:A'G = 2:1. 

In this case the sum of the distances from the centroid of the 
points on one side of it is equal to the distance from the centroid 
of the point on the opposite side. 

Figure 5. 

For AG + BG = (A A' - GA') + (BA' - GA'), 

= AA' + BA' -2GA', 
= AA' + CA' -GA, 
= OA -GA, 
= CG. 

(17) If ABO be a triangle, G its centroid, and A', B', 0', G' the 
projections of A, B, C, G, on any straight line XY, then G' is the 
centroid of the three collinear points A', B', C. 
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(18) Lrmma.* 

If a straight liiie BC he divided internally at M so that 

BM:CM=n:m 

and if from jB, M^ C perpendiculars BB^ MAT^ CC\ be draum to any 
straight line XY, then 

(w + n)MM = mBB ± nCC 

the upper sign being taken when B and C are on the same f side of 
XY, and the louder when they are on opposite sides of XY, 

FiGUBB 6. 

Join BC meeting MM' in N. 

The triangles BB'O, NM'C are similar; 
therefore BB':NM'= BC :NC 

= BC :MC 

= w + n :?» ; 
therefore wBB' = (m + w)NM'. 

The triangles BCC, BMN are similar ; 
therefore OC:MN= BC :BM, 

= m + n : n ; 
therefore wCC = (w + w)MN. 

Hence wBB' + wCC = (m + w)NM' + (m + w)MN 

= (w + n)MM'. 

(19) The distance of the centroid of a triangle from any straight 
line is an arithmetic mean betu^een the distances of the vertices from 
the sama straight line. 

Figure 7. 
Let AM be the median from A, and G the centroid. 
Take A', B', C, G', M' the projections of A, B, C, G, M on any 
straight line XY. 

♦ Lhuilier, iUmms d' Analyse, pp. 1-2 (1809). 

t The figure and demonstratioD refer only to this case. The other case and 
the consideration of what happens when BO is divided externally are left to the 
reader. . . 
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Because . BM :0M = 1:1, 

therefore BB' + CC = 2MM'. 

Because AG : MG = 2:1, 

therefore AA' + 2MM' = 3GG' ; 

therefore AA' + BB' + OC = 3GG'. 

The figure and demonstration refer only to the case when A, B, C are all on 
the same side of XY. If A and B be on the same side of X Y, and on the 
opposite side, the result will be 

AA'+BB'-CC'=3GG\ 

When XY passes through the centroid G, the sum of the 
distances from XY of the vertices on one side of it is equal to the 
distance from XY of the vertex on the opposite side. 

For a very full account of the properties of the centre of mean distances see 
the preliminary dissertation in Lhuilier's il&mens d' Analyse (1809), and Townsend's 
Modern Geometry of the Pointy Line, and Circle, I. 117-143 (1863). 

(20) Tlie sum of the squares of the distances of the vertices of a 
triangle from any point is eqiial to the sum of the squares of their 
distances from the centroid increased by three times the square of the 
distxi/nce between the point and the centroid.^ 

Figure 8. 

Let G be the centroid of ABO, and P any other point. 
Join PG, and on it draw perpendiculars from A, B, 0. 

Then AF = AG^ + PG« - 2PGA'G, 

BF = BG^ + PG^ + 2PGB'G, 
CP^ = CG^ + PG^ - 2PG0'G ; 
therefore AP + BP^ + CF = AG^ + BG^ + CG^ + SPG^ 

-2PG(A'G-B'G-C'G), 
= AG^ + BG'' + 0G2 + 3PG^ 
since A'G - B'G - O'G = 0. 

(21) If a circle be described with G as centre, and any radius, 
and any two points P, Q be taken on its circumference f 

AF + BF + CF = AQ« + BQHCQl 



* This is a particular case of a more general theorem proved in Eobert Simson's 
ApolUmii Perffoei Locorum Planorum Lihri II,, pp. 179-180 (1749). 

t 0. F. A. Jacobi, De Triangudorum BectUineorum Proprietatibus, p. 7 (1825). 
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(22) T?iat point tlie sum of the squares of whose distances from 
the vertices of a triable is a minimum is the centroid of the 
triangle.* 

If the triangle ABC is fixed, G is a fixed point, and AG, BG, 
OG fixed distances. Hence for any variable point P, AP* + BP* + 
OP" always exceeds the constant quantity AG* + BG* + CG* by 
dPG*. The nearer therefore P approaches to G, the nearer does 
AP + BP + CP approach this constant quantity. 

(23) Thctt point inside a triangle which has the product of its 
dista/nces from the three sides a maximum is the centroid of the 
triangle,^ 

Let G be any point inside ABC, and GR, GS, GT its distances 
from BC, CA, AB. 

Then GR x GS x GT is a maximum, 

when GR|BC x GS-JCA x GT|AB is a maximum, 

that is, when GBO x GOA x GAB is a maximum, 
that is, when these three triangles are equal, 
that is, when G is the centroid. 

(24) If three straight lines draum from the vertices of a triangle 
are concurrent^ the three straight lines drawn parallel to them from 
the mid points of the opposite sides are also concurrent; and the 
straight line joining the two points of concv/rrency parses through the 
centroid of the triangle and is there trisected, X 

The triangles ABC, A'B'C are similar and oppositely situated, 
G is their homothetic centre, and 2 : 1 is the ratio of similitude. 

Hence if AD, BE, CF be concurrent at O, the corresponding 
straight lines A'D', B'E', CF' will pass through the corresponding 
point O' ; 00' the straight line joining two corresponding points, 
will pass through the homothetic centre G ; and OG : O'G = 2:1. 

♦ J. F. de Tuschifl a Fagnano in Nova Acta Eruditorum, anni 1775, p. 290. 
The article referred to is entitled : Prohlemata quaedam ad methodum maximarum 
et minimorum spectantia, and the volume in which it occurs was published at 
Leipzig in 1779. 

t H. Watson in the Ladies* Diary for 1756. 

X Fr^er in Gergonne's Annates, VII. 170 (1816-7). 
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(25) If ABC i>e a triangle^ any point whatever^ and A^^ B^, Cj 
ayminetrical to with respect to the mid points of BC^ CAy AB^ then * 

(a) AAy^ BBij CGi are concurrent at a point P, 

(b) The straight line OP turns round a fixed point G when the 
point moves in any manner whatever. 

(c) The point G divides OP in a constant ratio. 

FiGURR 9. 

Let A', B', C be the mid points of BC, CA, AB. 

(a) Then AiBj is parallel to A'B' and equal to 2A'B' ; 
therefore it is equal and parallel to AB, but oppositely directed. 
Similarly Bfii and G^Ai are equal and parallel to BO and CA, but 
oppositely directed. 

The three pairs of parallels BG and B^Ci, CA and OiAi, AB and 
A^B] form therefore three parallelograms, whose diagonals AAi, 
BB], OGi cut each other at P the mid point of each of them. 

(b) In triangle OAAj the lines OP, A A' are medians; 
therefore OP cuts AA' at G such that AG = 2 AG. 

But AA' is a median of triangle ABO ; 

therefore G is the centroid of ABC, and consequently a fixed point. 

(c) OP is divided at G so that OG = 2GP. 

(26) The sum of the squares on the sides of the complementary 
triangle is one-fourth of the sum of the squares on the sides oi the 
fundamental triangle. 

(27) If in a triangle its complementary triangle be inscribed, 
and in the complementary triangle its complementary triAngle be 
inscribed, and so on, the limit of the sum of the squares on the sides 
of all the triangles so formed is one-third of the sum of the squares 
on the sides of the fundamental triangle, f 

(28) If in a triangle its complementary triangle be inscribed, 
and so on, the limit to which these triangles tend is a point, and the 
sum of the squares on the lines drawn therefrom to the vertices of 

* Mr Maurice d'Ocagne in the NouveUes Annales, 3rd Series, I. 239 (1882) ; 
proof on p. 430. 

t Leyboum's Mathematioal Repository, new series V. Ill (1820). 
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all the inscribed triangles is one-third of the sum of the squares on 
the lines drawn from the same point to the vertices of the funda- 
mental triangle. "^ 

(29) If Ay^BiCi he the complementary triangle of ABC ^ A^j3^ the 
complementary triangle of A-fi^C^^ and so on ; and if P be any point 
in the plane of the triangle^ tA^nf 

PA«« + PB.« + PC,* = 3PG« + 3^(BC? + 0A« + AB«). 

FiGUBE 10. 

Join P with A, B, C, A', G, and with D the mid point of AG. 

Then AB2-j-AC*= 2AiA«4-2AiB^ 

= 18AiG*-j-2AiB«; 

therefore B0« + CA» + A& = ISA^G' + 6A,B*. 

Again, PG«-J-PA* =2 (GD« + PD«), 

PB« -J- PC« = 2 ( AjB* 4- PAi«), 

2 (PAi« + PD=) = 4 {Afi^ + PG«) ; 

therefore by addition, and subtraction of what is common, 

PA« + PB« -J- PC» = 3PG* 4- 6AiG« 4- 2AiB* 

= 3PG« + i(BC^ + A' + AB^). 

Similarly PAj^ 4- PBj'* 4- PC,^ = 3PG* 4- i{B fi^" + G^A^^ + A^Bi^) 

= 3PG2 4- yj (BC? 4- CA^ 4- AB^) 



Hence PA«« 4- PB,^ 4- P^'' = 3PG^ 4- ^^( BO* 4- CA'' 4- AB^) 

(30) If the sides of triangle ABC be divided at Ai, B^ C\, so 
that BA^ : BG=^CB^ : CA^AC^ :AB=^m, then 

A.B^C.^^ABCil-Smil-m)}. 



* Mr E. ConoUy in MatJienMtical Questions from the Educaiwiwl Times, IV. 
76 (1865). 

t Mr Stephen Watson, in Mathematical Questions from the Educational Times, 
XX. 109-112 (1873), where four solutions are given. The solution in the text is 
Mr Watson's. 
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Figure 11. 
For AjBiCi = ABO - ABiC, - BOA - CAiBj. 

ABO AB AO ^ ^' 

therefore AB^Oj = ABO • w(l - m). 

Similarly BO^Aj = ABC • m(l - m), 

and CAjBi = ABO • m(l - m) ; 

therefore AiBA = ABO{ 1 - 3m(l - m)}. 

(31) Let there be a series of triangles 

AiBA, A,BA, ... A,B,0, 

such that each is derived from the preceding in the same way as 
A^BjOi was derived from ABO; and let them be denoted by 
A„ A^ ... A„. 

Then the formula 

Ai = A{l-3w(l-m)} 
may be applied to triangle AgBjO, ; 
therefore Aj = Ai{ 1 - 3w(l - m)} 

= A{l-3w(l-m)}«. 
Similarly Ag = A { 1 - 3wi(l - m)}^ 

and A„ = A {1 -- 3m(l ~m)}". 

Hence A, Aj, Aj ... form a decreasing geometrical progression, 

A 



whose sum to infinity is equal to 



3w(l-m). 



(32) This sum is a minimum when the product m(l -m) is a 
maximum, that is, when m = |. Hence the minimum sum is ^A, 
and each triangle is then the complementary triangle of its pre- 
decessor. 

When m is or 1, the sum becomes infinite. This arises from 
the fact that then A^, Ag, . . . coincide with A. 

When m varies from to 1, the sum diminishes from infinity to 
its maximum | A, and then increases to infinity. 

(33) The centroid G of ABC is the centroid ofA^B^C^, A^BjJ^ .... 
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Figure 11. 

Through B„ Ci draw parallels to AB, AC ; these parallels will 
intersect on BC at a point D such that 

BD : DC = ABi : Bfi = BC^ : C^A. 

Hence BD = CAi, and AD, Bfi^, the diagonals of the parallelograni 
ABjDCj, bisect each other at E. Now if A' be the mid point of 
BC, it will also be the mid point of DA^ ; 

therefore AA', A^E, two medians of triangle ADAj, intersect at a 
point G such that 

AG = 2A'G and A^G = 2EG. 
Hence since AA', AjE are medians of ABC, A^BiCi these two 
triangles have the same centroid G. 

What has been proved with regard to ABC, AjBiCj will hold 
equally with regard to AiBjCj, AgBjCj ; and so on. Therefore the 
whole series of triangles have the same centroid.* 

The last property may also be proved thus f - — 

FiGUBE 12. 

Bisect BC and AjBj at A' and F ; 
join AA', CjF cutting each other at G ; . 
and draw B^D parallel to AB. 

Then BAj : CAi = CBj : ABj, 

= CD :BD; 
therefore BAi = CD ; 

therefore A' is the mid point of AjD ; 
therefore A'F is parallel to DBj, and equal to |DBi. 

Again BiD : AB = CBj : C A, 

= ACi:AB; 
therefore BjD = ACj ; 

therefore A'F is half of ACj, and it is parallel to it ; 
therefore AG = 2 A'G and C^G = 2FG ; 
therefore G is the centroid of both ABC and AjBiCj. 



* The theorem that AiBiCi has the same centroid as ABO will be found in 
Pappuses Mathematical CoUection^ VIII. 2. Ohasles has some remarks on the 
theorem in his Apert^u historique, 2nd ed., p. 44. 

t This mode of proof was communicated to me by Mr A. J. Fressland. Com- 
pare also Fuhrmann's Synthetische JBeweise planimetriscker Satze^ pp. 48-9 (1890). 
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Relations which Exist Between a Triangle and the Triangle 
WHOSE Sides are the Medians op the Former.* 

(34) If ABC he any triangle^ another triangle can always he 
C07i8trticted whose sides are equal to the media>ns of ABC. 

Figure 13. 

Let AA', BB', CC be the medians of ABC. 

Through A' draw A'L parallel to BB', and produce it so that 
A"L = A'L; join A''B', A'C. 

Because A' is the mid point of BC, and A'L is parallel to BB', 
therefore L is the mid point of B'C. 
Hence B'A'CA" is a parallelogram, as well as B'BA'A", 
and A'A" = BB'. 

Since A B' is equal and parallel to C'A' 

*^d B'A"„ „ „ „ „A'C; 

therefore A"A „ „ „ „ „ CC; 

that is AA'A" is the triangle required. 

(35) The sides of AA'A" are parallel to the medians of ABC 
and „ „ „ ABC „ „ „ „ „ „ AA'A". 
The first part of the theorem has been already proved. 
Since AB':BX=2:1 

therefore B' is the centroid of AA'A", 
Now the median B'A" is parallel to BC, 
„ „ B'A coincides with CA, 
and „ „ B'A' is parallel to AB. 

(36) A", B', C are coUinear. 

(37) If ABC he a triangle whose centroid is G, DEF the triangle 
whose sides are the medians of ABC, that is EF^AA\ FD = BB\ 
DE=CC\then 

L.D = GBC+GCB, :.E=GCA + GAC, lF=GAB+GBA. 



* In connection with this subject, the following authorities may be consulted : . 
Gergonne's ArmcUes, II. 93 (1811). 
Supplemente zu O. S. KliigeVs W&rterbuche der reinen McUhematikf VoL I. 

Art. " Dreieck" (J. A. Grunert), p. 706 (1833). 
N(mv€Ue8 Armales, III. 457-460 (1844). 
Battaglini's GiorndU di Matematiche, 1. 126-7 (1863). 
Grunert's Archiv, XLI. 112-4 (1864). 
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Figure 13. 

The angles which are equal have been marked with the same 
number ; and the triangle DEF corresponds to the triangle A"AA'. 

(38) If ABC, A^BSlv^ A^Bja^ 

DEF, D^E^F^, D^E^F^ 

he two sets of triangles stick tJkot the sides of 

DEF a/re eqital to the medians of ABC 
-^lA^i „ „ „ „ „ ,, DEF 
DjEiFi „ „ „ „ „ „ AiBytfi, 

and so on ; 

the triangles ABC, A^B^Ci, ... tvill be similar to each other* 

and DEF, D^E^F^ ...» » » »; » n 

FiGUBK 14. 

The proof of the theorem will appear from the figure f if it be 
observed that 

Triangles correspond to 

DEF A"A A' (4,5; 6, 1; 2,3), 

AACi L A'"A (1, 2; 3, 4; 5, 6), 

DjEiFi A M A^ (4, 5 ; 6, 1 ; 2, 3), 

AJBA A^A N (1, 2; 3, 4; 5, 6), 

D^Fa P A^^A (4, 5 ; 6, 1 ; 2, 3). 

The theorem may be proved also as follows : J 

If mi, m^ Wj, be the three medians of ABC, then 

m,^^\{}r + c^-}^a% m^^)^{c^ + a^-^h% mi^lia^^h^^^c").' 

Make a triangle whose sides are m^, m^ m^, 
and let its medians be a^, h^, c^ ; then 

<h^ = K< + ^3' - iO,&i' = h{rn,^ + < - im,'), c,^ = J(mi« + m^^ - \mi) 

therefore ai = |a, 6i = |6, Ci = |c, 

and «! : 6, : Ci = a : 6 : c. 

* Gergonne's Armales, II. 93 (1811). 

t The figure has been taken from Gruuert's article **Dreieck" previously 
referred to. 

t Grunert's Archiv, XLI. 112-4 (1864). 
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(39) If A, A^ A, 

Ai, A3, A, 

denote the two sets of triangles in (38), the sides of 
A are a, 5, c 

As ,, |«, f^ fc 
A „ {iy<h (f A (lYc 
A» „ (f)"a, (f)"^ (f)"c 
Ai „ mj, w»2, mj 
^8 » f^, 1^2, Jwa 
A« „ (f)«m^ (f)'^ {ifnH 

^2n+i „ (i)"»h, arm^ arm, 

(40) TAe triangles A, Aj, Ag, A3 ... /orm a geometrical pro- 
gression* whose common ratio is f. 

Figure 13. 

Since AL =fAC 

therefore AA'L =fAA'C; 

therefore AA'A" = f AB C ; and so on. 

(41) A + Ai + Aa + . . .oc? infinitum = 4A. 

(42) If p, jt?2, /?4 ...be the perimeters of A, Ag, A4... 

P +i»2 + J^4 + . . .«c? infinitum — \p, 

(43) If /?!, ^3, /?B ...be the perimeters of Aj, A„ A5... 

/^i +i^s + J^5 + • • -^^ iri/^wt^Mm = 4pi. 

(44) A + Aa + A4 + . . .cwi infinitum = Y^- 

(45) Ai + A3 + A5 + . . .oc? infinitum = 3^ A. 

(46) If G be the centroid of ABC and another triangle AoBqCq be 
formed with sides respectively equal to ^fWGAy J 3 GB, sTZQcQy 
then ABC may be derived from AqBoCq in the same way as the latter 
was derived from the former, that is, the relation between the tri- 
angles is a conjugate one. f 

* Gergonne's Annalet, II. 93 (1811). 

t Rev. T. C. Simmons in Milne's Compcmion to the Weekly Problem Papers, 
pp. 150-1 (1888). 
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(47) The areas of ABC, AJBoCo are equal * 

These two theorems follow without much difficulty from what 
precedes. 

(48) If through the centroid G of a triangle ABC a straight line 
he drawn cutting BG, CA, AB in 2), E, F and the points H, F he 
on the same side of G tJienf 

J_ J J^ 

ge"^ GF GD, 

Figure 15. 

Through A draw AN parallel to BC meeting DEF in K, and 
through G draw LMN parallel to AB meeting BC, CA, AN in 
L,M, N. 

Then LG = MG, and CM = 2AM. 

But since triangles OML, AMN are similar, 
therefore ML = 2MN; 

therefore GM= MN. 

Hence AG, AM, AN, AF form a harmonic pencil ; 
and they are cut by the transversal GEKF ; 
therefore G, E, K, F form a harmonic range ; 



therefore 


1 1 _ 2 
GE G F GK 




1 
~ GD 


since 


GK=2GD. 



* Rev. T. C. Simmons in Milne's Companion to the Weekly Problem Papers, 
p. 151 (1888). 

t This property, proved in the manner given, will be found in Maclaurin's 
Algebra (1748) in the Appendix, De Linearum Qeorrietricarum PropHttatibus 
ffeneraZibvs Tractaius, §98 or p. 57. A proof by Dr E. v. Hunyady of Pesth, by 
means of transversals, will be found in Schlomilch's ZeiUchriJt, VII. 268-9 (1862). 
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FORMULiB CONNECTED WITH THE MEDIANS. 

The medians in terms of the sides. 

4^3^= 2a'» + 262- c' j 
4V= -6« + (c + a)2 + (c-a)2 I 



(2mi + 6-c)(2mi-6+c) = 
(2m2 + c - a)(2w2 - c + a) = 
(2TO3 + a - 6)(2w3 - a + 6) = 

(6 + c + 2wi)(6 + c - 2mi) = 
(c + a + 2m2)(c + a - 2m^) = 
(a + 6 + 2m3)(a + 6-27»s) = 



-a + 6 + c) j 
a-b-\-c) > 
o + 6-c)) 



a + b + c){ 

a + 6-c)( a-6 + c) 

-a + 6 + c)( a + 6-c) 

a~b + c){-a + b + c) 

4(/< + 7^2' + wis") = 3(a2 + ft'' + c«) 

3( AG« + BG'2 + CG^) = a« + ft'* + c^ 

12(A'G'* + B'G'^ + C'G^) ^a' + b^-^c^ 

Wi-AG + m2-BG + m,-CG = i(a'* + ft2 + c'*) 

wi, • A'G + 7^2 • B'G + mg • C'G = J(a'' + ft'* + c2) 
16{m^* + V + Wg*) = 9(a^ + ft* + c*) 
16(7n2W + WV + <wi2?) = 9(6V + cV + a^ft^) 
Ths sides in terms of the medians. 
9a»= -4mj2 + 8V + 8m32 
9ft2= 8V- 477^2 + 8^8= 
9c'*= 87ni'' + 8771,2 _ 4^2 






K= -77li* + 
162^-^2^ + 

Jc2=-7nsH 

(f a + TTlj - ^Xt^ "■ ^ + ^*s) = 
(f ft + W3 - TTliXift - ma + 77li) = 

(fc+mi-ma)(|c -7711 + 7712) = 

(W2 + ms + fa)(77l2 + 77l -5«) = 
(Wj ^ 77li + f ft)(77l3 + TTli - |ft) = 
(tTIi + TTLj + f c)(77li + Wig - I C) = 



I 



(1) 

(2) 
(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 



(13) 



[m^ + m^^ + irn^-m^^ 
!»»3 + "*i)'' + (»»3-nti)* 
;»»i + »«s)'' + (»h-»»s)'' ' 

»i»i + OTj + «i,)( - mi + »j, + nij) \ 

TOl + »»j + »t,)( «h-«»j + w»,) l (14) 

»»l + Wls + »»3)( »»,+»lj,-J»,)) 

«h+»»j + »i,)( mi + wij-wi,) 1(15) 
-»ii-wij + »n,)(-m, + »i5 + m,) j 
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3(c2-a'») = 4(mi''-m32) I (16) 

If 28 ^a + b + c 

then (3) and (4) become 

. («" _ c)(8" - a) = «(5 - h) 8" {8" - 27W2) = (;? - c)(« - a) I (17) 
(8'" - a){8'" - 6) = «(a ~ c) a"X8'" - 2m3) = (« - a){8 - h) ) 

A'^ = «'(«' -&)(«' -c)(a' -27ni) ) 

= «" {8" - c)(«" - a)(«" - 2m,) \ (18) 

= «'>'"-a)(s'"-6)(>'-2m3) ' 
For each = s(s - a){8 - h)(8 - c) 

If 2w = j»i + m2 + m3 

2wi = m2 + m3 + fa 
2w2 = m3 + »ni + i6 
2n3 = wii + 7W2 + |c 
then (14) and (15) become 

(ni - m2)(wi - TWa) = m(m - mi) ni{n^-^a) = (m - m2)(m - wij) \ 
(w2-m3)(n2-mi) = m(m-7W3) n2(ri2-?6) = (m-wi3)(m-7Wi) J'(19) 
(^3 - mi)(ns - m2) = m{m - m^ n^(n^ - |c) = (m - iWi)(m - m2) ' 

ilrea 0/ triangle in term8 of it8 medians. 

Figure 1. 

Because ABC = 2ABA' = 6GB A' = 3GBL ; 
and GL=§wii, GB=87n2, BL=§m3 ; 

therefore A2=9(GBL)2 

\ 3 ' 3 • 3 3— ) 

= H("*i + ^ + ^)( - ^ + ^^2 + wi3)(wi - ma + m3)(??ii + m^ - W3)}. 

Let 2m = mj + m2 + m3 

then' A*=^{?n(m-mj)(m-W2)(m-W3)} (20) 
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If 2m' = - mi -4- mj + 7?i3 

2m" = mi-wia + wis 
2m'" = mi-¥ m^-m^ 
then A=J J7nm'm"m"' (21) 

A = jN/wi(rii-wij)(Wi-m,)(wi-|a) ^ 

=jN/w2(w2-^)(»»2-^i)K-i6) r (22) 

= J n/%(w3 - mi){n8 - m2)(w8 - §c) 7 

This is deduced from (20) by means of (19). 

If R, S, T be the projections of G on the sides 

a^ + Sb^- c^ -a^ + Sb^+ (^ , 

CS ±g^ A8 = — V^ /^ (23) 

^T 6^ BT ^ 

ST = ^ TR=-3^ RS = ^ (24) 

ST : TR : RS = ami : ftwig : cm, (25) 

Of the preceding formulse, (8) and (9) are given by C. F. A. Jacobi, De 
Triangulorum BectUineorum Proprietatibua, p. 7 (1825) ; (10) and (11) occur in 
Hind's Trigonomdry, 4th ed., p. 244 (1841) ; (12) in Thomas Simpson's Select 
Exercises, Part II., Problem xxii. (1752); (2)-(4), (13).(19), (21), (22) are due to 
Thomas Weddle. See Lady*8 and Oentleman^s Dia/ry for 1848, pp. 74-75. I have 
changed the notation adopted by Weddle. 

On the authority of F^ruasac's Bulletin det Sciences MathSmatiqueSf xii. 297 
(1829), formula (20) should be assigned to Professor Desgranges. 
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§2. ClBCUIfCSSTRB. 

The perpendiculan to the sides of a triangle /rom the mid points 
of the sides are concurrent* 

The following demonstration f may be compared with the 
demonstration of § 5. 

Figure 16. 

Let A', B', C be the mid points of BC, C A, AB, 
and let A'X', BT', CZ' be perpendicubir to BC, CA, AB. 

Join BC, CA', A'B'. 

Then B'C is paraUel to BC; 

therefore A'X' is perpendicular to B'C. 

Hence BT' „ „ „ CA' 

and CyZ' „ „ „ A'B'. 

If therefore it be assumed as tme that the perpendiculars to the 
sides of a triangle from the opposite vertices are concurrent, 

A'X', B'Y', CZ' are concurrent 

Another demonstration is obtained at once from the theorem, | 

If three points be taken on the sides of a triangle such that Hie 
sums of the squares of the alternate segments taken cyclicaUy are 
eqtud^ the perpendiculars to the sides of the triangle at these points 
are concurrent. 

The point of concurrency, which will be denoted by O, is the 
centre of the circle circumscribed about ABC. This circle is often 
called the drcumcircle^^ and the centre of it the circumcentre.% 

The radius of the circumcircle is usually denoted by B. 

(1) The circumcentre of a triangle is the orthocentre of its com- 
plementary triangle. 



♦ Euclid's Elements, IV, 3. 

t C. Adams, Die Lehre von den Transversalen, p. 21 (1843). 

t F. G. de Oppel, Analysis Triangulorum, p. 32 (1746). 

§ These terms as well as incirdef exctrde, midcircle, incentre, excentre, mid- 
centre were suggested by W. H. H. H[ud8on]. Qee Nature, XXVHI. 7, 104 (1883). 
The terms Umkreis, Inkreis, Ankreis, Mittenkreis have been more or less in use in 
Germany since 1866, as may be seen from Schlomilch*s Zettschrift, 

The perpendiculars to the sides of a triangle from the mid points of the sides 
are sometimes called mMiairices in France and Belgium. 
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(2) Since the complementary and the fundamental triangles are 
similar, and since their sides are in the ratio of 1 to 2, the distance 
of the circumcentre of a triangle from any side is half of the distance 
between the orthocentre of the triangle and the vertex opposite that 
side.* 

(3) If O be the circumcentre of a triangle ABC, the circle on 
OA as diameter bisects AB and AC. 

Similarly for the circles on OB and OC. 

(4) If the circle on OA as diameter aliould cut BC at P and P', 
tJien AP is a niean proportional f between BP and CP, and AP' is 
a mean proportional between BP' and CP\ 

Figure 17. 

Produce AP to meet the circumcircle at Q. 

The circle on OA as diameter touches the circumcircle at A ; 
therefore A is the homothetic centre of the two circles ; 
therefore AP : AQ = 1 : 2 ; 

therefore BP • CP = AP • QP = AF. 

(5) By the following constructionX a point P will be found in the 
base BC of ABO such that the ratio AP^ : BP • CP has a given value. 

Figure 18. 

Join AO, and divide it at L so that AL : LO has the given 
value ; then the circle with centre L and radius LA will meet BC 
in two points P, P satisfying the condition. 

Produce AP to meet the circumcircle in Q. 

Then AP : PQ = AP^ : AP • PQ 

= AP2:BP PC 
= AL :L0 ; 

therefore LP is parallel to OQ ; 
therefore LP = LA, since OQ = OA. 

* Ladies' Diary for 1785. 

t Given without proof in the Ladies* Diary for 1759. 

X Rev. J. Wolstenholme in the Educational Times, XXIX., 273 (1877). Four 
solutions are given in MaihefnuUical Questions from the Educational Times, XXVII, 
63-66 (1877) ; the one in the text m the last. 
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If AFQ' be the other position of APQ, 
then AP:PQ-AF:FQ'; 

therefore QQ' is parallel to BC ; 
therefore arc BQ = arc CQ', 
and AP, AF are isogonal with respect to z. A. 

(6) If from a point O within or without a triangle ABO, per- 
pendiculars OD, OE, OF are drawn to the sides BO, OA, AB, and 
circles are circumscribed alM)ut the triangles OEF, OFD, ODE ; the 
area of the triangle formed by joining the centres of these circles is 
one-fourth of the area * of the triangle ABO 

Figure 19. 
The centres of these circles are the mid points of OA, OB, 00. 

(7) If from a point within triangle ABC perpendiculars 
OD, OE, OF he draum to BC, CA, AB, theni 

2R{EF+FD + DE)^0A • BC-^OB CA + OC- AB, 

Figure 19. 

For A, F, O, E lie on the circle whose diameter is OA, and the 
chord EF subtends the same angle A at the circumference of this 
circle as BO does at that of the circumcircle of ABO ; 
therefore EF : OA = BO : 2R ; 

therefore 2R • EF = OA • BO. 

(8) If be on that arc of the circumcircle on which angle 
stands, then,t by Ptolemy's theorem, 

OA • BO + OB • OA-00 • AB = ; 
therefore EF + FD-DE =0; 

therefore D, E, F are collinear, 
which is another proof of the property of the Wallace line. 



♦ Todhunter's PUine Trigwioinetry, Chap. XVI., Ex. 41 (1859). 

t Both (7) and (8) are due to Mr E. M. Langley, who applies the firet of them 
to the problem of finding the triangle of miniTnnm perimeter inscribed in a given 
triangle, and to the determination of the trilinear oo-ordinates of the Biocard 
points. See Sixieenth Otnend Export of the AuoeitOUm for the Improvement of 
CftomeMecd TtaMng, pp. 34-5 (1890). 
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(9) If be the circumcentre of ABC, and AO, BO, CO be prodticed 
to meet the circumcircle in U, F", W, the triangle UVW is congruent 
to ABC. 

Figure 20. 

For L AU V = L ABO = l BAO, 

z.AUW= z.ACO= Z.CAO; 
therefore L VUW = l BAG ; 

therefore UVW is similar to ABC. 
But these two triangles are inscribed in the same circle ; 
therefore they are congruent. 

(10) The figures BCVW, CAWU, ABUV are rectangles. 

(11) If ABC be a triangle, and BW, CV be perpendicular to 
BC ; CU, AW perpendicular to CA ; AV, BU perpendicular to AB, 
the three straight lines AU, BV, CW are concurrent at the circum- 
centre of ABC, and the six points A, B, C, U, V, W are concyclic* 

Figure 20. 

(12) Triangles A^Bfi^, A^BjJ^ circumscribed about ABC in such a 
manner that their sides are perpendicular to those of ABC a/re con- 
gruent t to each other and similar to ABC, 

Figure 21. 

Let Ci Ai, AgBa ; AjB^, BA ; BA, C^A^ 

meet at U, V, W. 

Then BB^YBg is a parallelogram ; 
therefore BB^^BaV. 

But BW = CV; 

therefore BiW = CB2. 

Again WCiCOa is a parallelogram ; 
therefore WCi = C2C ; 

therefore BjCj = BjCg. 

Similarly CiAi^CgAa, AiBi = A2B2. 

* C. F. A. Jacobi, De Triangulorum BectUirieorvm Proprietatiibta, p. 56 (1825). 
t The first part of the theorem is given by Jacobi, p. 56. 
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Lastly - BAG = 90° - ^ BAA 

= z.BiAA2= ^ A . 
Similarly L ABC = z. B„ l ACB - Cj. 

This theorem is a particular case of a more general one. 

(13) The three lines A^A.^^ B^B.^, C^C^ are concurreiit* at the 
circumcentre of ABC, 

Figure 21. 

For AU, BV, CW are concurrent at O, the circumcentre of 
ABC ; and is the mid point of AU, BV, CW. 
Now since AAiTJAo is a parallelogram, 
therefore AjAg passes through the mid point of AU. 

Similarly for BiBj, Cfi^, 

(14) If a point P he taken inside the triangle ABC, and circles be 
circumscribed about the triangles PBCj PC A, PAB, and their centres 
Oj, Ojj ^8 ^^ joined, tlie angles of triangle O1O2O3 are supplementary to 
the angles BPC, CPA, APB, 

Figure 22. 

For OoOs, 0..,0i, OjOo are respectively perpendicular 
to PA, PB, PC. 

{lb) If through A any straight line MN be drawn meeting the 
circumferences PC A, PAB in M, K, then MC, NB will intersect on 
the circumference f PBC, 

Let MC, NB intersect at L. 
Then i.M = 180°- ^CPA, 

^N = 180°- lAPB; 
therefore ^ M + ^ N = 360° - ( l CPA + l APB), 

= Z.BPC; 
therefore z.L = 180°- ^BPC; 

therefore L is on the circumference PBC. 



* Jacobi does not state this property, but from the way in which he letters the 
figures of theorems (11) and (12) it is probable that he knew it. The property is 
explicitly stated, along with some others, by Mr Lemoine in his paper read at the 
Lyons meeting (1873) of the Association Frcm^aise pour Vavancemcnt des Sciences. 

t Rochat in Gergonne's An/nales, II. 29 (1811), To him alflo are due (17) 
and (19). 
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(16) If L be any point on the circumference PBC, and if LC, LB 
meet the circumferences PC A, PAB again in M, N, then M, A, N 
are coUinear. 

(17) Triangle LMN is similar to OiOgOj. 

If the point P be fixed, the triangles O1O2O3, LMN are given in 
species. 

(18) The angles which MN, NL, LM make with AF, BP, CP 
respectively are equal. 

For L PAN = 180° - z. PBN = l PBL 

= 180''- z.PCL = ^PCM. 

(19) Of all the triangles such as LMN whose sides pass through 
Aj B, (7, and whose vertices are situated on tlie circles Oj, O^t O3, that 
triangle L'M'N' is a Tnaximum wlwse sides are perpendicular to 
AP, BP, GP. 

Figure 22. 
For triangles L'M'N', LMN are similar, 
and PL', PL are corresponding lines in these triangles. 
Now PL' is a diameter of the circle Oi ; 
therefore PL' is greater than PL ; 
therefore L'M'N' is greater than LMN. 

(20) If O be the circumcentre of ABC, and about the triangles 
OBO, oca, OAB circles be circumscribed whose centres are 
Oj, 0» O3, the triangle O1O2O3 has its angles equal to 180** - 2 A, 
180° - 2B, 180° - 2C. 

It will be found that O1O2O3 is similar to XYZ. See § 5. 

(21) is the incentre oftlie triangle OyO^O.^, 

Figure 22. 

In the diagram suppose P to be replaced by O, and let V, W be 
the mid points of BO, CO. 

Then the right-angled triangles OVOj, OWOj have two sides of 
the one equal to two sides of the other ; 
therefore OOj bisects l OgOjOs. 
Similarly for 00^, OO3. 



Digitized byVjOOQlC 



38 Sect.! 

(22.) If 00^, 00^ 00^ he produced to meei the circles OBC, OCA, 
OAB in L\ M\ N\ Uie triaiigle L'M'N' tviU be circumscribed about 
ABC, will be similar and similarly situated to 0^0 fi^ and tvUl have 
0/or its incentre. 

FiGUBB 22. 

For iLOAM'+ ^OAN' = 180*; 

therefore M', A, N' are collinear, and M'K' is parallel to OjOs, 

Since OA, OB, OC are equal, and perpendicular to M'K', NX', 
L'M'; 

therefore is the incentre of L'M'N'. 

Many relations between the triangles Ofifi^ and ABC may be 
derived from the relations between XYZ and ABO, seeing that 
O^OsO, is similar to XYZ and that the ratio of the radii of their in- 
circles is JR : p. 
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§3. Incentbe. 
The internal angular bisectors of a triangle are concurrent,* 
The following demonstration f is different from the usual one. 

Figure 23. 

Let AL be the internal bisector of z.A, and let the internal 
bisector of ^ B cut it at I. 

Then AI:LI = BA:BL 

= CA:CL; 

therefore the internal bisector oi lG passes through I. 

The point of concurrency, which will be denoted by I, is the 

centre of the circle inscribed in ABC. This circle is often called the 

incircle^X and the centre of it the incentre.l 

The radius of the incircle is usually denoted by r. 

The following method § of inscribing a circle in a given triangle 

will be better understood after a perusal of §4 (5). As regards 

practical execution it is the simplest yet obtained. 

Figube 24, 

Along CA take AP equal to AB, and CQ equal to OB. 
With A as centre and PQ as radius describe a circle cutting 
AC, AB in the points S, T. 

With S as centre and PQ as radius describe a circle cutting the first 
circle in two points ; the straight line joining these two points 
passes through the incentre. 

With T as centre and PQ as radius describe a circle cutting the first 
circle in two points; the straight line joining these two points 
passes through the incentre. 

Hence the incentre is determined as well as the radius of the in- 
circle. 

The proof will be evident from the following considerations. 

• Euclid's Elements, IV. 4. 
t Todhunter*s Mements of Euclid, p. 312 (1864). 
t See the note on p. 32. 

§ Mr E. Lemoinein the Report (second part) of the 2l8t session of the Aasocia* 
turn Frwiv^Ue pour Vavaiuieaient de$ sciencet, p. 49 (1892)4 
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The dotted straight lines bisect AS, AT perpendicularly. 
Now AS = AT = PQ = CP-CQ = 6 + c-a; 

therefore if E, F be the mid points of AS, AT 
AE = AF = J(6 + c-a)=«i 
and E, F are points of contact of the incircle. 

(1) The area of a triangle is equal to the rectangle* under the 
semiperimeter f of the triangle and the radius of the incircle. 

This is expressed, A = sr, 
where s = J(a + 6 + c). 

(2) If Pbe any point inside ABC, and FA, PB, PC be denoted 
^y «> A 7> «wi t?ie radii of the indrcles of PBC, PC A, PAB by 
Ply P» />» ^^^ 

(P2 + fh)<^ + (Ps + Pi)/^ + {pi + p2)r = (r - p,)a + (r " p,)b + (r- p^)c. 

For 2ABC=r(a+6+c), 

2PBO=p,(a + i8 + y), 
2PCA=/)2(6+7 + a), 
2PAB=p3(c+a+^). 

But ABC = PBC + PCA + PAB; 

therefore p^(a + P + y)+ p^ip + y + a) + pj^c + a + /3) 

= r{a-\-h + c); 
whence the result follows. 
If P be outside ABC, 
(/>3 + p8)a + (ps - Pi)^ + (-/>! + P2)y = (^ + />!> + \r - p^jb + {r- p^c. 

(3) If I be tits incentre of ABC, and A I, BI, CI beprodtu:ed to 
meet the circumcircle in U, F. W, then the sides of WW are per- 
pendicular to AI, BI, CI, 



This is established in the course of the proof of Heron's theorem regarding 
the area of a triangle. See § 8. 

t The semiperimeter of a triangle is usually denoted, in this country and 
North America, by 8 ; on the continent of Europe it is generally denoted by p, Euler, 
who was one of the first if not the first to introduce the notation a, 6, c for the 
sides of ABO, denotes the semiperimeter i( AB + BO + OA) by S. See an article by 
him entitled Fortes demjonstraJtiones geometries printed in Novi Commentarii 
Academice Scientiarum Imperials PetropolitaTue for the years 1747-8, 1. 53 (1750). 
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Figure 25. 

Join U, V, W with A, B, 0. 

The arc BU = CU, CV = AV, AW = BW; 
therefore arc UB W = arc CU + arc AW ; 

therefore z. U C I = z. UIC ; 

therefore UI= UC =UB. 

Similarly VI = VC =VA, 

and WI = WA = WB. 

Hence AWIV, BUIW, CVIU are kites ; 
therefore VW, WU, UV are perpendicular to AI, BI, CI. 

(4) The angles of UVW are respectively equal to 

\{B + C\ \{C + A\ h{A+B). 

For L WUV = L AUV -f l. AU W 

= L ABV + L ACW 

= J(B + C). 

Hence whatever be the size of the angles A, B, C, triangle 
UVW is always acute-angled. 

(5) The angles of ABC expressed in terms of the angles of 
UVW are 

A= -U + V + W=180°-2U 

B= U-V + W = 180°-2V 
0= U + V-W=:180'*-2W. 
Compare § 5, (8). 

(6) UVW:ABC = R:2r. 
Join the circumcentre O with A, B, C. 
Then 2U VW = hexagon AWBUCV 

= OBUC + OC VA + OAWB 
=:i(OUBC + OVCA + OW-AB) 
= JR-2i^ = R«; 
and 2ABC = 2r5. 

(7) I/ABC, AiBiCiy A^B^^Ciy A^BJJ^ he a series of triangles 

all inscribed in the same circle and each of which is derived from 
the preceding in the same manner as UVW was derived frmn ABC 
in (3) / then when the whole number m increases indefinitely^ the 
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triangle AfJB^^ tends totvarde a limiting position ajSy, ^ triangle 
-^am+i-^im+iCfm+i tends also towards a limiting position o!py\ thettoo 
limiting triangles aj8y, oJ^'y' are equilateral^ and symmetrically placed 
with reference to the centre of the circle,* 

Figure 26. 

In triangle AiBjC,, the perpendicular from Aj to the opposite 
side is A^A, the diameter of the circumcircle is A^OD ; 
therefore the bisector of l B^AiCi is also f the bisector of l AAjD ; 

therefore the vertex Aj is at the middle of the arc AD intercepted 
by lOAiA. 

Hence in general, to obtain the vertex A^^.i draw the diameter 
0A„ and the straight line A„_iA„; the mid point of the arc 
intercepted by the inscribed angle thus formed is the vertex sought. 

In this manner, step by step, the vertices Ag, As, A4, ... are 
determined, and each time the inscribed angle diminishes by half. 
This angle therefore tends to become zero, and the two lines 
A„+iA« and A„_iA^ end by coalescing with the diameter 0A„. 
Now since the first of these two lines is an angular bisector and 
the second is the corresponding perpendicular of the triangle 
A„B„C„, this triangle tends to become isosceles, that is, in the 
limit, lB^= L C„. 

Similarly z.C«= ^ A„ and ^A„= lB^; 

hence the triangle A„B„0„ tends to become equilateral. 

The inscribed angles which give the vertices of even order are 
quartered each time. Hence the halves AAj, A2A4, ... of the arcs 
intercepted by these angles form the terms of a geometrical series 
whose ratio is ^. Since none of the arcs AAg, AaA4, ... Ag^-iAj^ 
encroaches on the preceding, their sum represents the distance AAg„. 
This sum is, in the limit, 

Aa = 3 AA3. 

Thus the position of the limiting equilateral triangle afSy is known. 

* Both (7) and (8) were proposed at a competitive examination in France in 
1881. For the proofs see Vuibert's Journal^ VII. 121-8 (1883). 
tSee§5,(34). 
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In the same way the triangles of odd order tend towards the 
equilateral triangle olf^'y* which is such that 

To prove that the equilateral triangles a)8y, a )3'y' are symmetrical 
with respect to the centre O, it is sufficient to prove that a and a' 
are diametrically opposite, or that Da = A^a'. 

Now Da=2AA2-Aa = fAA2, 

Aitt = JAiAg = fAAj. 

(8) If^ radius R he taken as unity ^ the product of the numbers 
which measure the diameters of the circles inscribed in the triangles 
ABC, AjB^Ci ... A^BJJ^ tends towards a limit when n increases 
indefinitely. 

Let A, A] ... A„ denote the areas of the triangles ABC, 
AjBiCi ... A„B„C„ ; and c?, c?i, ... d^ the numbers which measure the 
diameters of their incircles. 

Then 
therefore 



A. 


:A = R:2r = l:rf; 




-^ 


'^ = A, 




ddA ... 





Similarly 

therefore 

Now when n increases indefinitely, A„^i approaches the area of the 
equilateral triangle inscribed in a circle of radius 1, that is 
3 /\/3/4 ; hence dd^dz ... c?„ approaches the limit 4 A/3 sfS. 

(9) It has been seen that the series of triangles AiBjCi, A^Bfi^y 
etc., deduced successively from ABC and from each other can be 
continued indefinitely far. Can this series be extended backwards 
indefinitely far, and if not, when will it stop? To answer the 
question a solution must be found for the problem : 

Given a triangle ABC inscribed in a circle, construct another 
inscribed triangle RST sVfCh that A, B, C shall be the mid jmints of 
the arcs ST, TR, RS. 
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From § 3, (4) it appears that whatever be the size of the angles 
B, S, T, the triangle ABC must be acute-angled. This being 
granted, draw the perpendiculars AX, BT, CZ of ABC, and produce 
them to meet the circuncircle in B, S, T. These are the vertices of 
the triangle sought. 

The demonstration follows from the fact that H is the incentre of 
triangle BST. See § 5 (15). 

By operating in a similar manner on BST, etc., the series may 
be continued backwards. It is plain, however, that as soon as a 
triangle is reached which is not acute-angled, the process comes to 
an end. 

It may happen that a triangle is reached which has one angle 
right. Let BST be this triangle, B the right angle. 

Draw BBi perpendicular to ST. Then the triangle antecedent 
to BST is the straight line B^B, which may be considered as a 
triangle BiBB. The side BB of this triangle is infinitely small 
and its direction is the tangent at A. 

(10) Each triangle of the series considered in (7) has its angles 
equal to half the sum of the angles taken two and two of the 
preceding triangle. Consider a series of triangles such that each has 
its sides equal to half the sum of the sides taken two and two of 
the preceding triangle. 

Starting with triangle ABC whose sides are a, 6, c, the triangle 
AiBjCi is to be constructed whose sides are i(6 + c), J(c + a), 

^{a + b). 

This second triangle is always possible even when a, b, c are 
taken at random, provided they be positive. For 

c -\-a a -\-b b+ c 

9 "^ 9 -^ 9 

£i Zi ^ 

a+ b b-\- c c +a 
b+ c c +a a + b 
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Figure 1. 

Bisect the sides of ABO at A', B', C. The angular contours 
A'CB', B'AC, C'BA' straightened out will be the sides of the 
second triangle AiBjCi. 

Suppose triangle ABC to be formed by an endless thread which 
marks out the perimeter. Take the mid points of BO, CA, AB, 
and stretch the thread between these points, and the second triangle 
is obtained. 

The same process may be repeated on triangle AjBiCj and so 
on indefinitely. The limiting triangle which is thus obtained may 
be proved to be the equilateral triangle whose side is i{a + 6 + c). 

Can this process be extended backwards indefinitely far? To 
answer the question a solution must be found for the problem : 

Given a triangle whose sides are a, 6, c, construct the triangle 
whose sides are 

-a + 6 + c, a-6 + c, a + 6-c. 

Figure 24. 
In triangle ABO inscribe the circle DEF ; 

then AE = AF=-^ + ^ + " 

BF=BD= 

CD=OE= 

2 

Hence the triangle whose sides are equal to 

AE + AF, BF + BD, CD + OE 

will be the triangle sought. 

Take, as before, the endless thread which marks out the 
perimeter of ABO at the points D, E, F and stretch it between 
these points. 

Now this triangle is not always possible. For, in order that it 
may be possible, there must exist the inequality 

a-b + c + a + b-c> -a + b + c, or 3a>b + c, 



2 


a-b + c 


2 


a-{-b-c 
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Similarly 36>6 + a, and 3c>a + 6. 

Bj the addition of o^ 6, c these three inequalities may be transformed 

into 2a>Sy 26>«, 2c>8. 

But in every triangle the semiperimeter is greater than any one 
side. Hence the necessary and sufficient condition that the triangle 
antecedent to ABC may be possible is that each side of ABO must 
be greater than a quarter and less than a half of the perimeter. 

The whole of (10) and a small part of (9) have been taken from a paper by 
Mr fidouard Collignon read at the Oran meeting (1888) of the As9oei<Uion 
Fra/n^ise pour Vavancement des sciencei. See the Report of this meeting, Second 
Part, pp. 4-24. Mr Gollignon's paper begins with a discussion of certain 
numerical series, and the results obtained are applied to the triangle, the 
quadrilateral, and to polygons of any number of sides. 
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§ 4. EXCENTBES. 

The internal bisector of any angle of a triangle and the external 
bisectors of the two other angles are concurrent. 

The following demonstration is different from the usual one. 

Figure 27. 

Let AL be the internal bisector of i. A, and let the external 
bisector of z. B cut it at Ij. 

Then AIi:LI, = BA:BL 

= OA:OL; 

therefore the external bisector of z. C passes through Ii. 

Hence also the internal bisector of lB and the external 
bisectors of lC and l A are concurrent at Ij ; the internal 
bisector of lG and the external bisectors of lA and lB are 
concurrent at I3. 

Figure 28. 

The points of concurrency, which will be denoted by Ij, Ig, I3, 
are the centres of the circles escribed * to ABO. 
These circles are often called the excircles^\ and the centres of them 
the excentres.t 

The radii of the excircles are denoted sometimes by ri, r^ r^ 
sometimes by r^, r^, r^. 

(1) The points A, I, Ii ; B, I, I2 ; 0, I, I3 are collinear. 
So are I2, A, I3 ; I3, B, Ij ; I^, C, Ij. 

These results expressed in words are : 

ITie six bisectors of the interior amd the exterior a/nghs of a 
triangle meet three and three in four points which are the centres of 
ihefawr circles touchyng the sides of the triangle. Or 

The six straight lines, joining two and two the centres of the four 
circles which tou>ch the sides of a triangle pass each through one of the 
vertices of the triangle, 

* This expression in its French form {exinscrit) was first used by Simon 
Lhuilier. See his M&fnem d* Analyse, p. 198 (1809). If the term escribed was not 
introduced by T. S. Davies, currency at least was given to it by him. See Ladteaj 
Diary for 1835, p. 50. 

t See the note on p. 32. 
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(2) The points I, Ii , Ig, T3 
are the respective orthocentres of the triangles 

■'■l-*^2^3> ■'■•*^3^2> -■■S*'-'-!* -^2-*-l-*-' 

Attention should be called to the order of the subscripts in the 
naming of the triangles. See § 5, (2). 

(3) When the diagram of a triangle with its inceritres and ex- 
centres has to be drawn, instead of beginning with the triangle 
ABC and determining I, Tj, Ij, I3 by the bisection of certain angles, 
it is easier to begin with the triangle I1I2I3. The feet of the per- 
pendiculars of Iil2l3 will then be A, B, C, and I will be the point 
of intersection of the perpendiculars. The only instrument there- 
fore which is necessary to determine these points is a draughtsman's 
square. 

A circle may be escribed to a given triangle by a method exactly 
analogous to that on p. 39 for inscribing a circle. 

Figure 24. 

The only diflTerence in the construction is that CQ is cut off equal 
to CB not in the same direction as CP, but in the opposite direction. 

(4) The area of a triangle is equal to the rectangle under the 
excess of the semiperimeter above any side and the radius of the ex- 
circle which touches the other two sides produced. 

This is expressed, A = SiV^ = Sa^g = Vs 
where «i = J(-a + 6 + c), S2 = ^{a-b + c), S3 = |(a + 5-c). 

If h{a+b+c)=8, 

then J( -a+6+c)-'8-a, i(a-6+c)=s-6, i{a+b-c)=8-c. 

The expressions s-a, 8-6, s-c will be denoted by «i, s^t ^3, a notation intro- 
duced by Thomas Weddle, who in a letter to T. S. Davies, dated March Slst, 1842, 
and printed in the Lady*8 and Oentleman^s Diary for 1843, p. 78, remarks that 
8, $1, 82, 8^ are the lengths of the segments of the sides made by the four circles of 
contact, and that the change from «-a to Sj, etc., will be justified by obeerving 
how much more symmetrical many theorems appear under the new notation than 
the old. 

(5) The distances from the vertices and from each other of some 
of the points of inscribed . and escribed contact are given in the 
following expressions* : 

* Compare the subscripts in the values of 8, a^, Sg, ^3 with the subscripts 
in § 4 (2). 
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Figure 28. 

«i = AE =AF =BF3 = BD, = CD3 = CE, 
^2 = AE3 = AF3 = BF =BD =CDi = CEi 
#, = AEj = AF2 = BF, = BDi = CD -OE 

a = EE^ = Eg E8 s= F Fj = F3 Fj 
6 = FF2 = F3Fi = DDa = DiD, 
c = DD3 = D1D2 = EE3 = EjEj 

ft + c^DgD, 6-c=:DDi 
c + a = E3Ei c*^ a = EEg 
o + 6 = FiF2 a-6 = FF, 

(6) a + 6 + c = 2« = # + «, + «, + «, 

= AE + AEi + AE2 + AE3 = etc. 

(7) Because BD = S2 = CDi 

therefore D and D^ are equidistant from the mid point of BO. 

Because BD, = «i = CDg 

therefore D, and D3 are equidistant from the mid point of BO. 
Similarly for the E points and the F points. 

(8) AD'* + ADi* + ADa« + AD,* 
+ BE2 + BEi«+BE2«+BE3« 

+ CF+0Fi«+0Fa2+CF,2 

= 5(a* + 6« + c«). 

Figure 28. 
Let A' be the mid point of BO ; 
then A' is the mid point of DDi and of DjD,. 
Now since DaD3 = 6 + c DDi = 6-'C, 

therefore 2 A'Dg = b + c 2 A'D = 6 - c. 

But AD = + ADf = 2 A'D 2 + 2 A'A* 

ADa' + AD3« = 2A'D,« + 2 A A» ; 
therefore 2(AD») = 2A'D « + 2 A'Dj« + 4A'A". 
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Again 2AB2 + 2AC'^ = 4A'B +4A'A^ 

= BC^ + ^A'A'; 
therefore 2c* + W - a» = 4A'A \ 

Hence 2 (A D') = ^{(6 - cf + (6 + cf] + 2c« + W - a^ 

= 3 (62 + c«)-al 
Similarly 2 (B E') = 3 (c« + a«) - 6« 

and 2(0 F) =3 {d:' + h^)^c\ 

Consequently the sum of the squares on the twelve specified lines 

(8) is stated by W. H. Levy of Shalboume in the Lady^9 and OenUevMLiCs 
Diary for 1852, p. 71, and proved in 1853, pp. 52-3. 

(9) The angles of triangle DEF expressed in terms of A, B, C are 

z.D = J(B + C) = 90''-iA 
z.E = J(C + A) = 90'*-JB 
z.F = J(A + B) = 90'*-JO. 

Hence whatever be the size of the angles A, B, C the triangle 
DEF is always acute-angled.* 

(10) If ABC he a triangle, DEF the triangle formed by joining 
the inscribed points of contact of ABC ; D^E-^F^ the triangle formed 
by joining the inscribed points of contact of DEF ; D^E^F^ the 
triangle formed by joining the inscribed points of contact of DyE-^F-^; 
and this process of construction be contintiedf the successive triangles 
will approximate to an equilateral triangle, jf 

Suppose L A greater than l B, and z. B greater than l 0. 

Then D =J(B+C), E =KC + A), F =KA + B); 

thereforeE -D =|(A-B), F -E =J(B-C), F -D =|(A-C). 

Now D, = i(E + F), E, = J(F + D), F, = J(D + E); 

therefore D^ - Ej = J(E - D), E^ - F^ = J(F - E), D^ - F^ = |(F - D) , 

= i(A-B), =i(B-C), =i(A-0); 
and so on. 

* Feuerbach, Eigen8ehaftm...de8...Dreiecks, §66 (1822). 

t Todhunter's Plane Trigonometry, Chapter XVI. Example 16 (1859). 
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Therefore the differences between the angles of the successive 
triangles become always a smaller and smaller fraction of the 
differences between the angles of the fundamental triangle; and 
hence the successive triangles approximate to an equilateral 
triangle. 

The properties (11)-(14), (16)-(18) have reference to Figure 28. 

(11) EF, EjFi are parallel to Igis 

and E Fj, E^F intersect on AT ; and so on. 

(12) E2F2, E3F3 are parallel to AI 

and E2F3, E3F2 intersect on I2I3 ; and so on. 

(13) The angles of triangles DiE^Fi, DjE^Fj, DsEgF, expressed 
in terms of A, B, C are 

z.D, = 90° + iA, ^E,= ^B, ^F,= JC 

lJ)^= ^A, z.E2 = 90° + JB, z-F2= ^C 

z.D3= ^A, lE,= Ib, ^F3 = 90'* + 5a 

Hence whatever be the size of the angles A, B, C these three 
triangles are always obtuse-angled.* 

(14) The angles of triangle I1I2I3 expressed in terms of A, B, C 
are 

^Ii = J(B + C)=90°-iA 
^l2=KC + A) = 90^-|B 
^l3=|(A+B) = 90°-iC 

Hence whatever be the size of the angles A, B, C the triangle 
I1I2I3 is always acute-angled. 

(15) If ABC be a triangle, AiBjCi the triangle formed by 
joining the excentres of ABO; AaBgOa the triangle formed by 
joining the excentres of AiBiCj ; and this process of construction be 
continued, the successive triangles will approximate to an equilateral 
triangle.! 



* Feuerbach, Eigen8ckaften...d€8...Dreiecki, § ( 
t Mr R. Tucker in Maihematicdl Questions from the Educational Times^ XV, 
103-451871). 
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(16) Triangles DEF, I1I2I3 are similar and similarly situated,* 
and their homothetic centre is the point of concurrency of the triad 

I,D, I^E, I3F. 

(17) Triangles DiEjFi, IIjTj are similar and similarly situated ; 
so are DaEjFg, I3II1 ; and DgEgFj, T2I1I ; and their homothetic 
centres are the points of concurrency of the triads 

ID,, I3E1, IgFj ; and so on. 

(18) The quadrilaterals AFIE, BDIF, CEID are such that 
circles rruvy he inscribed in them. 

For a circle may be inscribed in a quadrilateral when the sum of 
one pair of opposite sides is equal to the sum of the other pair. 
Now AF = AE and IE = IF. 

(19) 7/* tihe radii of the circles inscribed in the qTiadrilaterals f 
AFIE, BDIF, CEID be denoted by p„ p^ pj, 

\P2 r f\ps rf \p3 r /\pi rf \p^ r/Xp^ rt r* 

Figure 29. 
Bisect L AFX by FM meeting AI at M ; and draw MN per- 
pendicular to AF. 

Then M is the centre of the circle inscribed in AFIB, MN is the 
radius of it, and MN - FN. 

From the similar triangles AFI, ANM 
AF:IF = AN : MN 



that IS, 


«! 


r=8i-pi:pi ; 


therefore 


«i 


. r =pi :r-pi; 


therefore 






therefore 




11 1 
«i "~ Pi ^ ' 


Similarly 


1 


11111 


«2~ 


■ p2 r' Ss" Ps~ r' 


Hence given expression 


Vs «s«i «i«2 r^ 



♦ Feuerbach, Eigentchaften ... des ... Dreieoks, §61 (1822). 
t The Museum, III. 269-70 and 342 (1866). 
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(20) ^ I ^2 _|_ ^3 ^ Pi ^2 P3 

r-pi r-pa r-^3 r ^ p^' r-- p^' r - p^' 
For J:^^, . 



therefore ^^ 

Similarly 



and 







r^p, 


r' 




P2 

r-p2 


«2 


P3 8s 

'P." r ' 


Pi 
^-Pl 


4- '^ 
r-p. 




«l + «2 + «3 

r 


Pi 


P2 


P3 '. 


SiVs 



therefore __Pi_ , P2 ^ Ps ^1 + ^2 + ^3 g 

r 






(21) The quadrilaterals AFJ^E^, BDJ^F^, CEJ^D^ a/re such 
that circles may be inscribed in them. 

Figure 28. 
For AFi = AEi and IiEi^IiFp 

Similarly, circles may be inscribed in the quadrilaterals 

AFJ^E^, BDJ^Fa, CE2I2D, 

AF3I3E3, BD3I3F3, CE3I3D3. 

(22) If the radii of the circles inscribed in the first three of 
these quadrilaterals be denoted by /)/, p^, p^ then 

\p.i rj\p^ rj \ps n/Xpi' rj Xp^' r,f\p^ rj r^' 
and similarly for the others. 



(23) 



Pi Pa Ps Pi P2 Pi 



n-Pl n-P2 n-p3 n-Pl n-p2 n-Ps 



Tj, nPl ^1P2 nPs 

J? or s = 2! — T^ » ^3 = ^' ^2 ~ '. 



n-Pi n-P2 n-Ps 

(24) The following relation* exists between the radii of the 
circles inscribed in the quadrilaterals 

AFJiEi, BDJ2F2, OE3T3D3. 

* Mr R. E. Anderson in Proceedings of the Edinburgh Mathematical Society, 
X. 79 (1892). 
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If these radii be denoted by Vi, v^ v^ 

1113 1 

Vi V2 v^ 8 r 

(25) If the exterior angles of ABO be bisected by straight lines 
which meet the circumcircle at IT, F, TT, the sides of U'TW are 
also perpendicular to AI, BI^ CI, and TTV'W is congruent and 
symmetrically situated to UVW with respect to the circumcentre of 
ABC. 

Figure 25. 

For L UAU' is right ; 

therefore UU' is a diameter of the circumcircle, 
and U' is symmetrical to U with respect to O. 

(26) If from the six points U, V, W, U', V, W all the UVW 
triangles be formed, it will be found that there are four pairs 

UVW, UVW', UVW', U'V'W 
U'V'W', U'VW, UVW, UVW. 

These pairs of triangles are congruent and symmetrically situated 
with respect to O, and their sides are either perpendicular or parallel 
to AT, BI, CI. 

(27) The angles of these triangles can be expressed in terms of 
A, B, 0. 

Take, for example, triangle U'VW from the second pair. 

WU'V = 180'-WUV 

= 180'-^(B + C) = 90° + |A. 
Since AU', VW are both perpendicular to AI, 

therefore arc U'W = arc AV 

therefore l U'VW = l AB V = |B, 

and L U' W V = l AC W - |C. 

The angles of the third and fourth pairs of triangles are respec- 
tively equal to 

JA, 90° + JB, ^0 

^A, JB, 90^ + JO. 

Hence whatever be the size of the angles A, B, C the second, 
third, and fourth pairs of triangles are always obtuse^ngled. 
Compare §4, (13). 
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(28) The orthocentres of the first quartet of triangles are 

and the orthocentres of the second quartet are the points sym- 
metrical to I, Ii, Ig, I3 with respect to O. What these points are 
will be seen later on. 

(29) UV'W':ABC = R:2ri 
U'VW':ABC = R:2rs 
U'V'W :ABC = R:2r3. 

(30) If I be the incentre of ABO and about the triangles 
IBC, ICA, lAB circles be circuinscribed, these circles will pass 
respectively through Ij, I2, I3, and their centres will be U, V, W, 
the points where AI, BI, CI meet the circumcircle. 

Figure 28. 

(31) If circles be circumscribed about the triangles IiBC, IjCA, 
IjAB, these circles will pass respectively through I, Ig, Ij. 

Similarly for the circumcircles of IgBO, etc. 

(32) From (30) and (31) there would seem to be twelve circles. 
They reduce to six, and their diameters are the six lines 

llj, 11 2, II3, IgAs? Is^ij lil2* 

(33) In a triangle ABC, if on AB and AC as diameters circles he 
described and a diameter of the first circle he drawn 'parallel to AC, 
and a diameter of the second parallel to AB, one pair of extremities of 
these diameters will lie on the internal hisector of angle A and the 
other pair on the external bisector.'*' 

Figure 30. 

Let M and N be the centres of the circles described on AB and 
AC, and let EF be the diameter parallel to AC, and GH the 
diameter parallel to AB. Join AF. 

Then z.MAF= ^MFA= ^NAF; 

therefore AF is the internal bisector of l A. 
Similarly AH is the internal bisector of l A. 

Join AE, and produce CA to C 



* Mr Brocot in the Journal de Math^matiques M^mentaireSy I. 883 (1877), 
11.128(1878). 
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Then L MAE= l MEA = l CAE ; 

therefore AE is the external bisector of l A. 
Similarly AG is the external bisector of ^ A. 

(34) If M^ N he the feet of the bisectors of angles B and C of 
tria/ngle ABC, the distance of any point P in MN from BC is equal 
to the 9um* of its distances from GA and AB, 

FiGUBB 31. 
Draw MK, MK' perpendicular to BO, AB 





NL, 


NL' 




„ BC, 


join ML meeting PR 


inH. 




Then 






PS 


:NL' = PM:NM 
= PH:NL. 


But 








NL' = NL ; 


therefore 








PS=PH . 


Again 






PT 


MK' = PN:MN 
= RL:KL 
= HB:MK. 


But 








MK' = MK ; 


therefore 








PT =HR ; 


therefore 








PR =PS + PT. 



If P be situated on MN produced either way, then PR is equal 
to the difference between PS and PT. 

The theorem may be extended to the bisectors of the exterior 
angles of ABC, and thus enunciated : 

If M, N be the feet of the internal or external bisectors of the 
angles B and C, the distance of any point P in MN from BO is equal 
to the algebraic sum of its distances from CA and AB. 

(35) If through I, Ij, Ig, I3 parallels be drawn to BC meeting 
AC, AB in P, Q ; P,, Q, ; P„ Q^ ; P^, Q3 
then P Q = BQ + CP , P^Q^ = BQ^ + CP^ 

P2Q2 = BQa-CP2, P3Qs = BQ3-CP3. 

* Mr E. Cesaro in NouvdU Carrespondance Math^matique, V. 224 (1879); 
proof and extension of the property to the external bisectors by Mr Cauret on 
pp. 334-5. The proof in the text is taken from Vuibert's Journal IX. 72 (1885). 
Mr Cesaro gives the corresponding property for the tetrahedron. 
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(36) If AI meet the incircle at U, and at U a tangent be drawn 
meeting BI and CI at P and Q, then* 

BP=CQ = BI+CI. 

Figure 32. 
Let PQ meet CA, AB at S, T. 
Then l QTB = l ATS 

= KB + C); 
and ^QIB= ^IBC+ Z.ICB 

= KB + C); 
therefore the points B, I, T, Q are concyclic, 
and ^IQU=^IBF. 

Hence the right-angled triangles lUQ, IFB, which have lU equal 
to IF, are congruent ; 
therefore QI = BI. 

Similarly PI = 01; 

therefore BP = OQ = BI + CI. 

(37) BT = QS and CS = PT. 

For BT = BF + TF = QU + TU = QU + SU. 

(38) If All iJaeet the first excircle at Ui, and at Ui a tangent 
be drawn meeting BIj and OIj at Pi and Qi, then 

BPi==OQi = BIi + OIi. 

(39) PQ =PiQi = BC. 

(40) BTi = QiSi and OSi = PiTi. 

(41) If ID J the radius of the incircle^ meet EF at P, then f 
P lies on the median through A. 

Figure 33. 

Through P draw BjCi parallel to BC, and join IBj, ICi. 

Then l IPBi and l IFBi are right ; 
therefore the points I, P, F, Bi are concyclic; 
therefore l IBiP = z. IF P. 

* This and (37) are given by William Wallace in Leyboum's Mathematical 
Repository, old series, II. 187 (1801). 

t John Johnson, of Birmingham, in Leyboum's MathefmaticaZ Repository , old 
series, II. 376 (1801). 

Mr E. M. Langley in the Sixteenth Report of the Association for the Improve- 
ment of Geometrical Teaching, pp. 35-6 (1890), gives another demonstration by 
means of Briancbon's theorem : 
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Similarly /.ICiP= ^lEP; 

therefore l IB^P = l ICiP ; 

therefore BiP = CiP. 

Hence also if IiD,, the radius of the first excircle, meet 
EjFi at Pj, then Pj lies on the median through A. 

(42) If from any point P situated on the interior or exterior 
bisector of the angle A of triangle ABC perpendiculars PD^ PE, PF 
he droAJon to BC, CA^ AB, the point Q where PD intersects EF tvill 
lie on the median * from, A, 

Figure 34. 

Triangles FPQ, ABL are similar, since their sides are mutually 
perpendicular ; 

therefore FQ : FP = AL : AB. 

Shnilarly EQ : EP = AL : AC ; 

therefore AB • FQ = AC • EQ. 

Now FQ and EQ are proportional to the distances of Q from AB 
and AC ; 

therefore ABQ = ACQ. 

But these triangles have the same base AQ ; 

therefore their corresponding altitudes are equal ; 

and hence it is easily deduced that AQ passes through the mid 

point of BC. 

The following is another demonstration : 

When the point P moves on the bisector, the point Q describes a 
straight line passing through A. 

Place the point P at the intersection of the bisector with the cir- 

cumcircle of ABC ; 

then the projections of P on the sides of ABC are collinear, by 

Wallace's theorem ; 

and one of these projections is the mid point of BC. 

* Mr E. Cesaro in Matkens I. 79 (1881). The two demonstrations are from 
the same volume, pp. 117-8. 
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(43) The problem of finding tlie incentre or the eoccentrea of a 
triangle is a particular case of the problem to find a point such thai 
straight lines drawn from it to the sides shall make equxil angles unth 
the sides and shall be to each other in given radios.* 

Figure 35. 

Let the straight lines drawn from the point to BC, OA, AB be 
in the ratios d ; e \f 

Make a parallelogram having B for one of its angles, and having 
the sides along BA, BO in the ratio d \f\ 
let BM be one of its diagonals. 

Make a parallelogram having for one of its angles, and having 
the sides along CA, CB in the ratio d\e\ 
let ON be one of its diagonals. 
Then BM, ON will meet at I the required point. 

From I draw ID, IE, IF making with BC, C A, AB angles equal 
to the given angle. 

The proof will offer no great difficulty if from M perpendiculars 
be drawn to BA, BO, from N to OA, CB, and from I to the three 



Mauduit'B i^efona 6Lt GexymMvie, pp. 239-242 (1790). 
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§5. Orthocentre. 

I%e perpendiculars to the aides of a triangle from the opposite 
vertices are concu/rrent,* 

One of the earliest demonstrations occurs in Pierre Herigone's 
Curstis Mathematicus, I. 318 (1634). Three cases are considered, 
when the triangle is right-angled, acute-angled, obtuse-angled. 

From the various proofs that have been published, the following 
are selected. 

First Demonstration.! 

Figure 36. 

Let AX, BY which are perpendicular to BO, CA meet at H, 
and let CH be joined and produced to meet AB at Z. 

Join XY. 

Because l AXC and l BYC are right, 
therefore 0, X, H, Y are concyclic, as well as A, Y, X, B ; 
therefore l ACZ = l AXY, 

= ^ABY. 
Now L ZAY is common to triangles ACZ, ABY ; 
therefore l AZC = l AYB, 

= a right angle. 

Second Demonstration.! 
Figure 37. 
Let AX, BY, CZ be the three perpendiculars from A, B, on 
BC, CA, AB. 

Through A, B, C draw BjCi, CjAi, AjBj respectively parallel to 
BC, CA, AB. 

* This theorem occurs without proof in the fifth of the Lemmas ascribed to 
Archimedes, and also in Pappus's Mathematical Collection, VII. 62. In Com- 
mandino's editions of Pappus, which were published after his death, the proof 
supplied is erroneous. The mistake has been noticed by several mathematical 
writers. 

t Robert Simson's Opera Quaedam Eeliqua, p. 171 (1776). 

X This mode of proof is given by F. J. Servois in his SohUions peu connuea de 
diffirens probUmes de G4omitrie-pratiqu€, p. 15 (1804), It was also given by Gauss, 
and will be found in Schumacher's translation into German of Camot's Geometric 
de PosUion, II. 363 (1810). 
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Then ABCBi, ACBCi are parallelograms, 
and A is the mid point of BiC^. 

Hence also B and C are the mid points of CjAi and AiBj. 
But AX, BY, CZ are respectively perpendicular to BC, CA, AB ; 
therefore they must be respectively perpendicular to BjCi, CjAi, A^Bi. 
If therefore it be assumed as true that the perpendiculars to the 
sides of a triangle from the mid points of the sides are concurrent, 
AX, BY, CZ are concurrent. 

Third Demonstration.* 
Figure 38. 

Let AX, BY, CZ be the three perpendiculars from A, B, C on 
BC, OA, AB. 

Join YZ, ZX, XY. 

Since the points A, Z, X, C are concyclic, 
therefore l BXZ = l BAC. 

Since the points A, Y, X, B are concyclic, 
therefore l CXY = l BAC ; 

therefore ^BXZ= ^ CXY. 

Now ^BXA=z.CXA; 

therefore AX bisects z-ZXY. 

Hence BY „ ^XYZ, 

and CZ „ ^YZX. 

If therefore it be assumed as true that the internal angular 
bisectors of a triangle are concurrent 

AX, BY, CZ are concurrent. 

Fourth Demonstration.! 

" If three straight lines drawn through the vertices of a triangle 
are concurrent, their isogonals with respect to the angles of the 
triangle are also concurrent." 

This theorem, which is due to Steiner,t taken along with the 
property, which is established in the proof of Brahmegupta's 
theorem, namely, 

♦ Mr Bemh. MoUmann in Grunert's ArcUv, XVII., 376 (1861). 
t Dr James Booth's New Getynvetrical Methods, II. 260-1 (1877). 
X Gergonne's Armales, XIX. 37-64 (1828), or Steiner's Gesammelte Werke, 
1. 193 (1881). 
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" The perpendicular from any vertex of a triangle to the opposite 
side and the diameter of the circumcircle drawn from that vertex 
are isogonal with respect to the vertical angle " furnishes a ready 
proof. For the diameters of the circumcircle are concurrent. 

The point H, where AX, BY, CZ are concurrent, is now gener- 
ally called the orthocentre * of ABO ; and the triangle XYZ is 
called sometimes the orthic,f sometimes the orthocentric,| and some- 
times the pedal, triangle. 

It may be noted that H is the initial letter in English, French, 
and German of the names for AX, BY, CZ (Heights, Hauteurs, 
Hohen), 

(1) If in Fig. 37 ABC be considered the fundamental triangle, 
AiBjCi is anticomplementary to it, and hence the orthocentre of any 
triangle is the circumcentre of the anticomplementary triangle. 

If however AiBjCi be considered the fundamental triangle, ABC 
is complementary to it, and hence the circumcentre of any triangle 
is the orthocentre of the complementary triangle. 

(2) The four points A, B, C, H, taken three by three form four 
triangles ABC, HCB, CHA, BAH; of these four triangles the 
fourth points H, A, B, C are the respective orthocentres, and in all 
the four cases the orthic triangle is XYZ. " The figure is therefore 
a system of four points joined two and two by straight lines such 
that each of them passing through two of these points cuts perpen- 
dicularly that which passes through the two others." § 

In naming the four triangles the order of the letters is such that 
X is the foot of the perpendicular from the vertex first named, Y 
the foot of that from the second named vertex, and Z the foot of 
that from the third. This is a matter of much more importance 
than appears at first sight. 

It may be convenient to call a set of four points such as 
A, B, C, H an orthic tetrastigm. 



♦ This useful expression was suggested by Dr Ferrers and Dr W. H. Besant 
in 1866-7. It is introduced in Dr Besant'a Conic Secti(m8, § 138 (1869). 
t Mr Emile Vigari^ in Mathem, VH. 61 (1887). 
Z Dr James Booth in his New Qtometrical MethocU^ IL 261 (1877). 
§ Gamot, CorrOtUim dea Figurti de O4om4tn€^ §143 (1801). 
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(3) The angles of the triangles HCB, CHA, BAH expressed in 
terms of A, B, C are 

^BHC = 180*'-A. ^HOB= 90°-B, ^CBH= 90'-C 
^ACH= 90*'-A, z.CHA=180*'-B, ^HAO= 90^-0 
z.HBA= 90°-A, ^BAH= 90''-B, ^ AHB=180'*-C. 

(4) The fundamental triangle is inversely similar to the triangles 
" cut off" from it by the sides of the orthic triangle. 

Figure 38. 

If ABC be the fundamental triangle, H is its orthocentre, XYZ 
its orthic triangle, and the triangles cut off from ABC and similar 
to it are AYZ, XBZ, XYC. 

If HOB be taken as the fundamental triangle, A is its ortho- 
centre, XYZ its orthic triangle, and the triangles "cut off" from 
HOB and similar to it are HYZ, XCZ, XYB. 

Similarly for CHA and triangles CYZ, XHZ, XYA 
and for BAH „ „ BYZ, XAZ, XYH. 

(5) ABC is the orthic triangle not only of I1I2I3, but also of 

113!^ I3II,, i,i,L 

Figure 28. 
Hence the sides of ABC "cut off" from these four triangles four 
triads of triangles which are respectively similar to them. They are 
To I J2I3 ; IjBO, AI2C, ABI3 
„ I I3I2 ; I BC, AI3C, ABI2 
„ I3I 1, ; I3BO, AI C, ABIi 
„ IJJ ; laBC, AIjO, ABI . 

(6) The following triads of lines form by their intersections four 
triangles which are similar and oppositely situated to the four 
triangles of the orthic tetrastigm II1I2I3. 



Figure 28. 




Lines. 


Triangles. 


E,F„ FJD» DjE, 


Ill,l3 


EF, FjDj. DgEjj 


II.I, 


E,F„ FD, D,E, 


1,1 1. 


EjF» F,D„ DE 


1,1,1 
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Compare the subscripts in the naming of the lines with the sub- 
scripts in the naming of the triangles. 

(7) The sides of the orthic triangle are respectively antiparaUd * 
to those of the fundamental triangle toith respect to the angles of the 
fundamental triangle, 

FiGUBB 38. 

If ABC be taken as the fundamental triangle, 

YZ is antiparallel to BC with respect to z. CAB, 
ZX „ „ „ CA „ „ „ ^ABC 

XY„ „ „ AB „ „ „ ^BCA. 

If HCB be taken as the fundamental triangle, 

YZ is antiparallel to CB with respect to Z.BHC 

ZX „ „ „ BH „ „ „ Z.HCB 

XY „ „ „ HO „ „ „ L CBH. 

Similarly for the triangles CHA, BAH. 

(8) The angles of triangle XYZ expressed in terms of A, B, C 
are: 

z.X = 180°-2A=-A + B + C 

^Y = 180'-2B= A-B + C 
z.Z=180°-2C= A + B-C. 

(9) If ABC, XYZ, XjYiZi, X^Y^Z^ be a series of triangles 

such that each is the orthic triangle of the preceding, the following 
tabular statements of their angles may be given.* 



* Camot's G4om4trie de Position, § 151 (1803). The term antiparallel was first 
used by Antoine Amauld. See Nouveaux Aliments de G6omMrie, par Messrs 
de Fort-Royal, p. 212, or livre onzi^me (1667). Further information regarding 
the use of the word wiU be found in two letters from Mr E. M. Langley to 
Natwc, XL., 460-1 (1889), and XLI., 104-5 (1889). 

* These are taken from an article by Mr H. Brocard in the NouveUe Corre- 
spondcmce Maih^imtique, VI. 145-151 (1880). 
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Tbianolbs. 




Anqles. 






ABC 


A 


B 


C 




XYZ 


- A+ B+ C 


A- B+ C 


A+ B- 


C 


X,Y,Z, 


3A- B- C 


-A+ 3B- C 


-A- B + 


3C 


X,YA 


-5A + 3B + 30 


3A- 5B + 3C 


3A + 3B- 


50 


X,Y,Z, 


11A-5B-5C 


-5A+11B-5C 


-5A-5B + 


lie 



Consider the coefficients (all taken with the positive sign) of the 
angle A in the first column of angles. They form the series 



1 3 5 11 21 43 85 
where the law of recurrence is 

with the initial conditions Uq = 1, w^ = 3. 



171 



Tbianoles. 


Anoubs. 


ABC 


A 


B 


C 


XYZ 


^-2A 


7r-2B 


ir-2C 


X.Y,Z. 


iA-TT 


4B-7r 


40-jr 


X,Y^, 


37r-8A 


37r-8B 


37r-8C 


X3Y3Z3 


16A - 57r 


16B - OTT 


160 -5jr 



In these expressions the coefficient of A, B, or is a power of 2, 
and the coefficient of ir is one term of the series Uq UiU^u^.., 

The angle X^„ = u,n-i tt - 2^"+' A ; 

(10) The orthocentre and the vertices of the fundamental triangle 
are the incentre and the excentres of the orthic triangle.* 

* Feuerbach, Eigemchaftm...de8...I>reiecks, §24 (1822). 
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Figure 38. 

In MoUmann's demonstration of the concurrency of the per- 
pendiculars, it was shown that, if ABC be taken as the fundamental 
triangle, H is the incentre of XYZ. 

Now since BC, CA, AB are respectively perpendicular to 
AX, BY, CZ, therefore BC, CA, AB are the bisectors of the 
external angles of XYZ ; 
therefore A, B, C are the excentres of XYZ.- 

If HCB be taken as the fundamental triangle, its vertices, B, C 
and its orthocentre A are the excentres of XYZ, and the vertex H 
is the incentre. 

Similarly for the triangles CHA, BAH. 

(11) If from tfie mid points of TZy ZX, XY perpendiculars be 
drawn to £C, CAy AB, these perpendiculars are concurrent* 

If X', Y', Z' be the mid points, 
then triangle X'Y'Z' is similar and oppositely situated to XYZ ; 
therefore the respective perpendiculars are the bisectors of the 
angles of X'Y'Z', and consequently concurrent at the incentre of 
X'Y'Z'. 

(12) The perpendiculars from X', Y', Z' respectively to 

CB, BH, HC \ / first excentre of X'Y'Z' 

HA, AC, CH > are concurrent at the < second „ „ „ 
AH, HB, BA ) I third „ „ „ 

These four points, the incentre and the excentres of triangle 
X'Y'Z', will be considered again, in connection with the Taylor 
circles. 

(13) If the perpendiculars of a triangle meet the circumcircle 
again in i?, S, T, then B, S, T are the images of the orthocentre in 
the sides. 

Figure 39. 
Let ABC be the triangle, H its orthocentre. 
Join BR. 

Then L CB Y = l AX = l CBR ; 

therefore the right-angled triangles BXH, BXR are congruent, 
and HX = RX. 

Similarly HY = SY and HZ = TZ. 

* Edouard Lucaa in NouveUe Correspondance M<Uh4matiqu£^ II. 95, 218 (1876). 



Digitized byVjOOQlC 



Sect. I. 67 

If HOB be taken as the triangle instead of ABC, then A is its 
orthocentre, HX, CY, BZ its perpendiculars. Let a circle be 
circumscribed about HCB, and let the perpendiculars meet it again 
at Ri, Sj, Tj. 

Figure 40. 
Then it may be shown as before that 

AX = RiX, AY = SiY, AZ = T,Z. 
Similarly for the triangles CHA, BAH. 

(14) The triangles BST, XYZ are similar and similarly situated; 
H is tlieir hom^othetic centre, and their ratio of similitttde is 2 :l. 

Figure 40. 

Since X, Y, Z are the mid points of HR, HS, HT, therefore the 
sides of XYZ are respectively parallel to those of RST, and equal 
to the halves of them. 

In like manner the triangles RiSjTi, XYZ are similar and simi- 
larly situated; A is their homothetic centre, and their ratio of 
similitude is 2 : 1. 

(15) H is the incentre of RST, 
A „ „ first excentre „ RjSiTi. 

Similarly for B and C. 

(16) The circumcircle of ABC is equal "^ to the circumcircles of 
RGB, CHA, BAH. 

Figure 39. 

For triangle HCB is congruent to RCB ; 
and the circumcircle of RCB is the circumcircle of ABC. 

(17) If Om Of,, Oc he the centres of the circumcircles of 
HCB, CHA, BAH, then triangle O^Ofi^ is congruent, and oppositely 
situated, to ABC, 

Figure 41. 

For OjO^ 0^0^, O^Oft are perpendicular to HA, HB, HC 
and BC, CA, AB „ „ >, », », „ . 



* Camot's Correlation des Figures de G^om^trie, § 146 (1801), or O^m^rie de 
Position, §130(1803). 
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(18) H is live circnmcentre of OJOfi^ 
„ „ orthocentre „ „ . 

Since the circles O5, 0« are equal, 
therefore 0^0^ bisects, and is bisected by, their common chord HA 
perpendicularly ; 

therefore H04 = H0^ 

Similarly HO, = HO«. 

Again, since the circles O, O^ are equal, 
therefore 00„ bisects, and is bisected by, their common chord BC 
perpendicularly ; 

therefore 0^0 is perpendicular to OaO^. 

SimUarly 0,0 „ „ „ Ofi,, 

(19) The points O^, Oj, O^ O form an orthic tetrastigm, con- 
gruent and oppositely situated to the orthic tetrastigm A, B, C, H. 

(20) If through A any straight line be drawn meeting the 
circles O4, O^ in M, N, then MO, NB will meet on the circumference 
of 0„. 

(21) If any point L be taken on the circumference of 0„, and 
LC, LB meet the circumferences of O,, O^ again in M, N, then the 
points M, A, N are collinear, and triangle LMN is directly similar 
to ABC. 

(22) Of all the triangles such as LMN whose sides pass through 
A, B, C, and whose vertices are situated on the circles O^, Oj, O^, 
that triangle AjBiCj is a maximum whose sides are perpendicular to 
AH, BH, CH. 

Compare §2, (15) -(19). 

(23) Triangle A^B^Ci is the anticomplementary triangle of ABC ; 
it has U for its circumcenire, and its circumcircle touches the circles 
Oai Of,, Oc at tlie points A^, B^^ Cj. 

For A, B, C are the mid points of BjCi, CjA,, AiBj ; 
and H, O^, Aj ; H, Oj, Bi ; H, O^, Ci are collinear. 

(24) What has been already proved with regard to the triangle 
ABC, its orthocentre H, its circumcentre O, and the circles 
Oa, Oft, Oc may be applied, with the necessary modifications, to the 
triangle HCB, its orthocentre A, its circumcentre O^, and the 
circles O, O^, Oj ; and to the triangles CHA, BAH. 
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(25) If RT, ES meet BC at D, D' ; SB, ST meet CA at E, E ; 
TS, TR meet AB at F, F, then 

UDRD\ HESF, IIFTF are rhombi, 
and D, H, E ; E, II, F ; F, II, D' ; 

D\ H, F ; E\ H, D ; F, II, E are collinear* 

Figure 42. 

Since HR is bisected perpendicularly by DD', 
therefore HD = RD and HD' = RD'. 

But since XY, XZ make equal angles with BC, 
and RS, RT are respectively parallel to XY, XZ ; 
therefore RD = RD', and HDRD' is a rhombus. 

Again since DH is parallel to RD' 
and HE',, „ „ES; 

therefore D, H, E' are coUinear. 

(26) If RiT^, RA ^st CB at D, U ; SJt^, S^T^ meet BII at 
E, E ; T^, TJi^ mset HC at F, F, then 

ADR^U, AES^E, AFT^F' are rhombi, 

and D, A, E ; E, A, F ; F, A, D', etc., are coUinear. 

Figure 40. 
Two other triads of rhombi, and of coUinear points may be 
obtained from triangles CHA, BAH. 

(27) IfU,V,W be the midpoints of AH, BII, CH, then V, V, W 
are the orthocentres of triangles AC'B', C'BA', B'A'C. 

Figure 43. 

For the perpendicular from B' to AC is parallel to CH ; 
and since B' is the mid point of AC, this perpendicular passes 
through the mid point of AH, that is U ; 
and AU is perpendicular to CB'. 

(28) The points U, V, W, H form, an orthic tetrastigm, where H is 
the orthocentre of UVW. 



NomeUes AnncUes, 2nd series, XIX. 176 (1880) and 3rd series, I. 186-9 (1882). 
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If the triangle UV W be translated so that U moves along UA 
and VW remains parallel to BC, it will coincide with triangle 
AC'B'. 

Similarly the triangle UVW may be made to coincide with 
C'BA' and B'A'C. 

(29) FiGUBB 43. 

U, B', C \ /HWV, CA'W, BVA' 

A', V, C V are orthocentres of ^ CWB', HUW, AB'U 



L', B', W I 



1 



A', B', W) ( BC V, AUC, HVU. 

(30) The point H may he the orthocentre of an infinite number of 
triangles inscribed in the circle ABC. 

Figure 39. 

For, take any point A on the circumference; 
and draw the chord AHR. 

Bisect HR at X, and through X draw the chord BO perpendicular 
toAR. 

Then ABC is a triangle whose orthocentre is H. 

(31) The point A may be the orthocentre of an infinite number of 
triangles inscribed in the circle HGB, 

Figure 40. 

For, take any point H on the circumference ; 
and draw the secant AHRj. 

Bisect ARj at X, and through X draw the chord BC perpendicular 
to ARi. 

Then HCB is a triangle whose orthocentre is A. 

Similarly for B and C. 

(32) The straight lines joining the circumcentre to tJie vertices of 
a triangle are perpendicular to the sides of the orthic triangle ; and 
the straight lines joining tlie orthocentre to the vertices are perpendi- 
cular to the sides of the complementary triangle ; and conversely. 

Figure 44. 
Let OA meet YZ at X' ; 
from O draw O B' perpendicular to CA ; 
from B' draw B'C parallel to BC. 
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Then B' is the mid point of CA, 
and B'C is a side of the complementary triangle. 

Hence l AOB' = z. AB C = z. AYX' ; 

therefore l AX' Y = l AB'O = a right angle ; 

and HA is perpendicular to B'C 

This theorem will be found to be a particular case of a more 
general one regarding isogonal lines. 

(33) The straight lines joining the circumcentre to the vertices 
of a triangle are perpendicular to all straight lines which are anti- 
parallel to the sides with respect to the opposite angles ; and the 
straight lines joining the orthocentre to the vertices are perpendi- 
cular to all straight lines which are parallel to the sides. 

(34) The straight lines AX and AO are isogonals * tuith respect to 
angle BAC, 

Figure 44. 

For z.ABX=: /.AOB', 

z.AXB= ^AB'O; 

therefore l XAB = z. OA C . 

Similarly BY, BO are isogonals with respect to z. B. 

and CZ, CO „ „ „ „ „ ^ C. 

The theorem may be stated and proved otherwise, thus : 
The straight lines joining the incentre tvith the vertices of a 

triangle bisect the angles between the radii of the circumcircle drawn 

to the vertices and the perpendiculars. 

Figure 45. 

Produce AI to meet the circumcircle in U, and join OU. 

Because AU bisects z. BAG, 
therefore U is the mid point of the arc BUG ; 
therefore OU is perpendicular to BG ; 
therefore l X AU = l OUA = l OAU. 



* This corollary is established in the proof of the theorem known as Brahme- 
gupta's. 



Digitized byVjOOQlC 



72 Sect. I. 

(35) The straight lines joining the mid points of 

AH, EC ; BH, CA ; CH, AB 
make with 

AB, BC , CA 

angles complementary''' to 

C , A, B. 

Figure 43. 

Let A', U be the mid points of BC, AH, and O the circum- 
centre. Join OA. 

Then OA' is equal and parallel to AU ] 
therefore OA is parallel to A'CJ. 
Now OA makes with AB an angle equal to CAH, 
that is, an angle complementary to C ; 
therefore A'XJ makes with AB an angle complementary to 0. 

(36) The same straight lines make with AX, BY, CZ angles equal 
to B^C, C^A, A^B. 

For ^A'UX=z.OAX 

= z.BAX- ^CAX 
= C-B. 

(37) Tlie angle between^ 

BZ and C'Y=ZA, C'X and A'Z=3B, A'Y and B'X = 3C. 

Figure 46. 

Produce BY to Bi so that BjY = BY, 
and „ CZ „ 0, „ „ CiZ=CZ, 
and join ABj, AC^. 

Then l BjAY and L Cj AZ are each equal to A ; 
therefore l Bj ACj = 3 A. 

But since C and Y are the mid points of BA and BBj, 
therefore O'Y is parallel to ABi . 

Similarly B'Z „ „ „ AC,; 

* Dr C. Taylor in Mat?iematical Questions from the Educational Times, 
XVIII. 65 (1872). 

t This property and the demonstration of it are due to Professor R. E. 
Allardice. 
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therefore the angle between B'Z and C'Y is equal to the angle 
between ABj and ACj. 

(38) The straight lines drawn from tlie orthocentre of a triangle 
through the raid points of the sides and terminated hy the circum- 
circle are bisected by the sides. 

Figure 47. 

Let ABC be the triangle, H its orthocentre. 

Draw CL parallel to HB and terminated by the circumcircle. 
Join BL. 

Because CL is parallel to AB, 
therefore l ACL is right ; 

therefore ^ABL „ „ ; 

therefore BL is parallel to HC. 

Hence BLBLC is a parallelogram, and its diagonals bisect each 
other ; 

that is, HL drawn through A', the mid point of BC, is bisected by 
BC. 

This corollary may be used to prove part of the characteristic 
property of the nine-point circle. 

(39) A'Y=A'Z, BZ^B'X, CX^C'Y. 

Figure 47. 

For B, Z, Y, C are situated on the circumference of a circle 
whose centre is A'. 

(40) If on each side of a triangle as diagonal two parallelograms 
be constructed, the o'ne having a vertex at the opposite angle of the 
triangle, the other at the centre of the circumcircle, then tlie straight 
lines which join the other vertices of these three pairs of parallelo- 
granms ttnll pass through the orthocentre,* 

Figure 48. 
First Demonstration. 

Let BL be the orthocentre, O the circumcentre ; and let O' and 
A' be the vertices opposite to O and A of the parallelograms of 
which BO is the common diagonal. 

* Mr W. J. C. Miller in the Lady'i and Gentlcman^s Diary for 1862, p. 74. 
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Since ^lBHC is sapplementary to Z.A, 

therefore l BHC „ „ „ ^i A' ; 

therefore H is on the circumcircle of A'BC. 
Now L A'BH is right ; 

therefore A'H is a diameter of the circle A'BC ; 
therefore A'H passes through O' its centre. 

Second Demonstration.^ 

Draw A Ai parallel to BC ; 
join A'O and produce it to meet the circumcircle in B ; 
join A R meeting BC at X. 

Then AR is perpendicular to BC y 
and if we imagine the whole figure reflected in BC, 
Ai and O will reflect into the vertices of the two parallelograms on 
BC as diagonal. 

Hence the line joining these vertices will meet AX at the point H, 
the reflection of R. 

But since l BHC = l BRC = 180° - l BAG, 

therefore H is the orthocentre of ABC ; 

therefore the straight line joining the two vertices of the parallelo- 
gram on BC as diameter passes through the orthocentre. 

(41) i/* through A^ B, C there be drawn ACi, BA^, CB^ mdking 
equal angles respectively with HA^ HBy HCy a new triangle A^B^Ci is 
formed, which is similar to ABC, and whose circumcentre f is H, 

Figure 49. 

Because l HCBi = l HBA^ 

therefore the points H, C, Aj, B are concyclic ; 
therefore ^ A, = 180' - BHC = z. A. 

Similarly Z-Bi=z.B, lCi^lC, 

Join HBi, HCi. 

* " Conic " of St John's CJollege, Cambridge, in the Lady^t a/nd Gentleman*s 
Diary for 1863, p. 51. 

t C. F. A. Jacobi, De Triangulorum Rectilineorum ProprietcUibus, p. 34 (1825). 
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Because 


/.ACH= Z.ABH, 


and 


^ACH=^ABiH, 




^ABH= Z.AC1H; 


therefore 


^AB,H=^ACiH; 


therefore 


HBi = HCi. 


Similarly 


HCi = HAi; 



therefore H is the circumcentre of AjBiCi. " 

(42) Since HA, HB, HC are respectively perpendicular 

to BO, CA, AB, the theorem of the preceding corollary 

is equivalent to the following : 

If through the vertices of a triangle straight lines he drawn 
maMng equal angles with the opposite sides, they tvill form by their 
intersection a new triangle, which is similar to the original triangle, 
a/nd which h^as for circumcentre the orthocentre of the original 
triangle, 

A particular case of this theorem has already been given, that, 
namely, where the straight lines drawn through the vertices are 
parallel to the opposite sides. The triangle AjBiCi so formed, the 
anticomplementary triangle of ABC, is the maximum triangle that 
can be constructed under such conditions, and it it is equal to four 
times ABC. 

(43) Tricmgle XYZ is the triangle of minimum perimeter* 
inscribed in ABC, 

It is usually considered that this statement is proved f when it 
is shown that XY and XZ make equal angles with BC 
» YZ „ YX „ „ „ „ CA 

„ ZX „ ZY „ „ „ „ AB. 

No objection can be taken to the following proof J : 

Figure 50. 
Produce YZ both ways, making ZXj equal to ZX, YXg equal to 
YX ; then XjXj is the perimeter of XYZ. 
Join BXj, 0X2. 
Because l XZB = l AZY = l XjZB 

* J. F. de Tuschis a Fagpiano in Nova Acta Eruditorum armi 1775, p. 296. 
t See Prof. R. E. Allardice's paper "On a property of odd and even poly- 
gons " in the Proceedings of the Edinburgh Mathematical Society^ VIII. 23 (1890). 
t Mareano, Considerazioni sul Tria/ngolo Rcttilineo, pp. 18, 19 (1863). 
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therefore triangles XZB and X,ZB are congruent. 
Similarly „ XYC „ X,YC „ 

If now DEF be any other triangle inscribed in ABC, and along 
BXj there be taken BDj equal to BD, and along CX^ there be taken 
CD, equal to CD, and FD„ EDg be joined, it may be proved that 
FDi = FD, ED2 = ED, and that consequently the line D^FEDa is the 
perimeter of DEF. 

If DjFEDa is not straight, join DjDo and join the vertex A 
with X, D, Xi, Di, Xo, D2. 

Then AXi = AX = AX,, 

ADi = AD = AD2; 
therefore the triangles AXjXg, ADjDg are isosceles. 
And their vertical angles XjAXo, DjADg are equal, 
since each is double of angle BAC ; 
therefore the triangles AXjXg, AD^Da are similar. 
Now AXj is less than ADj, since AX is less than AD ; 
therefore XjXg is less than DjDg, and consequently less than 
DiFEDg. 

If the triangle ABC be right-angled at A, the points Y, Z 
coalesce with A, XjXg and DjDg pass through A and are respec- 
tively double of AX and AD. 

If the triangle ABC be obtuse-angled at A, the points Y, Z fall 
outside the triangle ABC (Figure 51) and XjXj is now equal to 
XY - YZ -I- ZX. If therefore the preceding statements and proof 
are to hold good, the side YZ must be considered negative. 

(44) 7/* -STJ^i, XX2 he joined cutting AB, AC in P, (?, then PQ is 
tJie semiperimeter* of triangle XYZ. 

Figures 50, 51. 

For P is the mid point of XX, and Q the mid point of XXg ; 
therefore PQ = JXiXg = semiperimeter of XYZ. 

P and Q are the feet of the perpendiculars from X on AB and 
AC. 

If triangle ABC be obtuse-angled, the perimeter of XYZ must 
be understood with the qualification of the preceding corollary. 

* Lhuilier, EUmens d^ Analyse, p. 231 (1809). The proof in the text is given 
by Feuerbach, Evjenschaft€n...des...Dreiecksy Section VI., Theorem 8 (1822). 
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(45) If two triangles ABC^ A'B'C have their sides parallel^ and 
one of them is circumscribed about and the other is inscribed in the 
same triangle DEF, the area of this last triangle is a mean pro- 
portional between the a/reas of the two others."^ 

Figure 52. 

Let AB', AC meet BC at P and Q. Through A' draw A' A" 
parallel to B'C or BC and meeting AC at A". 
Join A"B', AA', B'Q. 

Then A'B'F = A'B'A, ACE = A'CA, B'CD = B'CQ; 
therefore DE F = AB'Q, A'B'C = A'B'C. 

Now A'B'C : AB'Q = A "C : AQ ; 

and A"C : AQ is the ratio of the altitudes of the similar 
triangles A'B'C, ABO. 



Hence 


A"C' 


:AQ =B'C' 


:BC; 


therefore 


A"B'C' 


:AB'Q = B'C' 


:B0. 


Again 


AB'Q 


:APQ=AB' 


:AP 






= B'C' 


:PQ; 


and 


A PQ 


:ABC=PQ 


:BC; 


therefore 


AB'Q 


:ABC = B'0' ; 


;BC; 


therefore 


A"B'C' 


; AB'Q = AB'Q 


:ABC 


or 


A'B'C: 


; DEF=DEF 


:ABC. 



The terms inscribed and circumscribed have the following 
signification, 

One triangle is inscribed in a second triangle when the vertices 
of the first are situated on the sides or the sides produced of the 
second; and in either case the second triangle is circumscribed 
about the first. 

* This theorem is due to Mr Rochat of Saint-Brieux, and is thus stated in 
Gergonne*s Annates de MatMmatiques II. 93 (1811-2). 

If to any triangle T there he circumscribed another T', and to T' a third T" 
having its sides respectively parallel to those of T ; then to T" a new triangle T'" 
having its sides respectively parallel to those of T', and so on: the triangles 
37, 2", T", T"* wiU he similar in pairs and form a geometrical progression. 

The demonstration in the text is given by Mr L6on Anne, in the Nouvdles 
Annates, III. 27 (1844). 
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(46) If I^IJ^z ^^ the fundamental triangle, ABC its orthic triangle, 
and DBF the triangle formed hy joining the 'points of conta>ct of the 
incircle of ABC, then* 

1,1 Js : ABG = ABC : DBF. 

Figure 28. 

In the same way if II3I2 be the fundamental triangle, ABC its 
orthic triangle, and DjEiFj the triangle formed by joining the points 
of contact of the first excircle of ABC, then 

II3T2 : ABC = ABC : DjE^F, ; 
and so on. 

(47) ABC'.DEF =2R:r 
ABC:I),E,F,==2E:r, 

and so on. 

For {ABCy : (D'EFf = IJ0I3 : DEF 

= 4R*^ ir" 

since 2R and r are the radii of the circumcircles of the similar 
triangles Ijlgla and DEF. 

(48) If ABC be the fundamental triangle, DEF the triangle 
formed by joining the points of contact of the incircle of ABC, and 
X'Y'Z' the orthic triangle of DEF, then 

ABC : DEF^ DEF : X' TZ'. 

Figure 53. 

For L BDF = l DEF = l. DY'Z' ; 

therefore Y'Z' is parallel to BC. 

Hence Z'X' „ „ OA 

and X'Y' „ „ AB. 

In the same way if ABC be the fundamental triangle, D^EiFi 
the triangle formed by joining the points of contact of the first 
excircle of ABO, and the orthic triangle of DjEiFj be constructed, 
it will be found that this orthic triangle has its sides parallel to 
those of ABC, and that DiE^Fi is a mean proportional between it 
and ABC. 

* The theorems (46)-(48) are given by Feuerbach, Eigenschuften...de8...Drci€ck8, 
§§ 61, 8, 63 (1822). 
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(49) Hence IJJs, ABC, DEF, X'Y'Z', ... 

are a series of triangles whose areas form a geometrical progression, 
the alternate terms being similar. 
Other series may be obtained from 

II3T2, ABC, DiEjFi, ..., etc. 



(50) 



ABC: X'Y'Z' = 4Il«:r2. 



Dep. If P be any point in the plane of ABO, and D, E, F be 
the projections of P on BC, CA, AB, then DEF is called the pedal 
triangle of P with respect to ABO. 

(51)// II, , H, , II, 

be the orthocentres of the triangles 

AEF , BFD , CDE 
cut off from ABO by the sides of the pedal triangle DEF of any point 
Fy the triangle HiHJfL^ is congruent and oppositely situated to DEF, 





Figure 54. 


Since 


PD, FH, are perpendicular to BO, 


therefore 


PD is parallel to FH2. 


Similarly 


PF „ „ DH,; 


therefore 


PDHjF is a parallelogram, 


and 


PD = FH2. 


Hence also 


PD = EH3, 


therefore 


EFH2H3 is a parallelogram. 


and 


H2H3 = EF. 



Figure 55 . 
The sides of the four triangles 

DEF, D^EiFi, D2E2F2, D3E3F3 
make with the sides of ABO the following 

twelve triangles whose orthocentres are 

AEF, BFD, CDE H^, H^ , H3 

AE,Fi, BFA, CDjE, H/, H^, H; 
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(52) The twelve orthocentres are situated in pairs on the six 
lines 

II„ II„ II3, IJs, I3I1, I1I2. 

(53) The four triangles 

HiHgH^si •Hfi'Bfa'Brs'j ^^^ so on, 
are congruent and oppositely situated to 

D E F, Di El El, and so on. 

(54) The following figures are rhombi : 

DH3EI , EHiFI , FH2DI 
DiHg'EJi , EiH/FJi , FiHa'DiIj 



their sides being r, r^, r.^, r.^ respectively. 

(55) The following figures are equilateral hexagons : 
DHgEHiFHg, DjHg'EiH/FiHa', , 

their perimeters being 6r, 67*1, 6r2, Qr^ respectively. 

(56) / , /i , I2 , I3 
which are the circumcentres of the triangles 

D E F, A ^1 ^1, «^*c? 80 on, 
are the orthocentres of the triangles* 

UJI^E^ HiHiE;, and so on. 
Take, for example, the triangle HjHaHj. 
Because E[il is perpendicular to E F , 

therefore Hjl „ „ „ H2H3. 

Similarly for Hgl and H3I. 

(57) If H, , H^ , H^' , nr 
he the orthocentres of the triangles 

D E F, i?i ^1 /;, and so on, 
they will he tlie circumcentres of the triangles * 

H^H^H.^, U(H^H^, and so on. 

* The first parts of (56) and (57) are given by Feuerbach, Eigen8chaft€n...de8.. 
/>reiccJt«, §§87, 88(1822). 
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H,H3. 


DH2 = DH3, 




DHo bisects BM3 
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Figure 56. 

Take, for example, the triangle H1H2H3. 

Because DHq is perpendicular to EF, 

therefore 
And since 
therefore 
therefore DHg passes through the circumcentre of H1H2H3 

Similarly for EHo and FHo- 

(58) HJf.^HJh^IfJT, 

= I D =1 E =1 F =r 

For Ho and I are the circumcentres of two congruent triangles 
H1H2H3 and DEF. 

Similarly for Hq', Ii, and so on. 

(59) The following figures are parallelograms : 

DIH.Ho, EIH.H0, FIH3H0; 
they have a common diagonal IHo ; 
their other diagonals intersect at the mid point of IHq. 
Similarly for IiHq', and so on. 

(60) The homothetic centre of DEF, H1H2H3 is the mid point 
of IHo. 

Similarly for DjEiFj, H/Ha'Hg', and so on. 

(61) The following figures are rhombi : 

I^HgHoHg, EHjHoHg, FH2H0H1, 
and their sides are equal to r. 

Three other triads of rhombi can be obtained by putting 
subscripts and accents to the preceding letters. 

(62) If from Hj, H2, H3 perpendiculars be drawn 

to BC, CA, AB, these perpendiculars will be 

concurrent at Hq. 

Since EHiHqH.^ is a rhombus, 

therefore HiHq is parallel to EH3 

therefore HiHq is perpendicular to BC. 

Similarly for HLjHo and H3H0. 



Digitized byVjOOQlC 



82 Sect. I. 

(63) Since I and H^ are the circumcentre and orthocentre of 
DEF and the orthocentre and circumcentre of HiHgHg, these two 
triangles have the same nine-point circle,* and its centre is the mid 
point of IHo. 

Figure 56. 

(64) In triangle DEF 

EI, E Ho /- are isogonals with respect to «| E 
F I, F Ho ) ( F 

(65) In triangle H,HoH.j 

HJ, H,H, I / H, 

H2T, HoHq > are isogonals with respect to < Ho 
H3T, H^^Ho I ( H^ 

(66) Of the perpendiculars to BG from 11^, ILy H^^ I the first is 
equal to the sum of the other three, f 

Figure 57. 

Let the feet of the perpendiculars on BG from Hj, Hg, H3 
be Xj, X2, X3 ; 
let IHi meet EF at D' ; 

from D' draw a perpendicular to BO, meeting BC at D" and HgHg 
at L. 

Then D' is the mid point of E F and IHj; 

therefore 
Also 
therefore 

since DH3H0H2 is a rhombus. 
Hence H^X^ + H3X3 = 2LD" = HoX^ ; 

and I D = HoHj ; 

therefore H2X2 + H3X3+ I D =HiXi. 

* Feuerbach, §89. 

t Feuerbach, § 80. The mode of proof is not his. 



D"„ 


JJ 


)) 


J) 


J J X2X3 3 


L „ 


•J 


J) 


JJ 


J, H2H3 ; 


L „ 


5) 


J> 


JJ 


„ DH„ , 



Digitized byVjOOQlC 



Sect. I. 83 

In triangle ABC, the perpendiculars AX, BY, CZ intersect at 
H the orthocentre, and XYZ is the orthic triangle. 

Figure 58. 

This figure has reference to the properties (67)-(82). The 
reader would find it convenient if he constructed a copy of it on 
a large scale. 

Of the triangles let the orthocentres be 
AYZ, XBZ, XYC H, , Ho , H, 

HYZ, XCZ, XYB H/ , H/ , H,' 

CYZ, XHZ, XYA H/', H^", R/' 

BYZ, XAZ, XYH H/", Ho'", H/" 

(67) Of these H points, four pairs are collinear with X, four 
with Y, and four with Z, that is, through 

X pass H2H2'"} HoH;." , Ho' H2" , H3' H./" 
Y „ H3H3' , HiH/", H3"H3"', H/Hj" 

ZTT XT " XJ XT ' XT ' XJ "' XT "XT '" 

(68) The four* triangles HiH^H;,, H/Ho'H; etc., are congruent 
and oppositely situated to XYZ. 

(69) The three triangles /A'//;///", J/.JJl.rilJ", ILIIL^'IL;" are 
congruent and oppositely situated to A BC ; and //j, //a, //j are 
their respective orthocentres. 

Take for example H/H/'H;". 

Because H3" H3'" passes through Y and is perpendicular to AX, 
therefore H3" H3'" is parallel to BC 
Similarly H3"'H3' is parallel to GA. 

Again H2' H3' is equal and parallel to H2"H3" ; 
therefore H/ H./' „ „ „ „ „ H.' H/' . 

Now H2' Hg" passes through X and is perpendicular to CZ; 

therefore H3' H3" is parallel to AB. 
Hence Hj'Ha" Hg'" is similar and oppositely situated to ABC. 



Feuerbach (§ 90) proves the oongruency of XYZ, H1H2H3 
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Because H/ H^ passes through Y and is perpendicular to BC , 
and H/'H, „ „ X „ „ „ „CA; 

therefore Y, X are the feet of two of the perpendicnlars, 
and Hj is the orthocentre of triangle H3'Hj"Hj'". 

Lastlj, since H , X in triangle ABC 
correspond to H:, Y „ ,. H.TT/ H/ ", and HX = H-Y, 
therefore trianijles ABC, H/H/'H/" are concnTient. 

(70) //• //; //, )>>-?./ ///' nr ^t Ji , 

n;H; 11/ «.- x^, z, r , 
h:h:'il „ z, r, x , 
iririr' ., r, j, z^; 

and the sid^s #>/*//•#*» m</V X. TZ^ p^v* throHjh X, F, Z and are there 
bisected. 

Because triangles H/H* H'"' and ABC are congruent and 

oppositely situated, 

therefore their orthic triani:'- s X ZY and XYZ are congruent and 

oppositely situated. 

Similarly ZY^X and YXZ. are congruent and oppositely situated 

to XYZ: 

therefore Y.Z, pc\^es through X and is bisected at X 

Z.X. .. .. Y „ Y 

■Xt 1 1 .. .. A ,, «, ., ,. Zt, 

(71) ABC. A'lTZ ^.v> '•.- <- -5^ /i-s-^-r.M'M; cirde. 

For X, Y, Z, the feet of t!xe perpendiculars of ABC, are the mid 
points of the sides of X.YZ.. 

(:t) It i\ . , be the cireum- 

c^Htiyfs of 

AnC. HCl^. ClfA. BAff: 
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BII, , 


Glh 




UH-, 


GH- , 


Bii; 




GUI', 


HH^' , 


ah;- 




BHr, 


Am", 


HH.r 


and 


, 


0,. , 


0, 


of 


H,HJI,, 


H^H-n;, 


H;'H''n 
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then the 'point of concurrency of 

is 
» ^« 

Oc are orthocentres 

For AH], BHj, CH^ are respectively perpendicular 
to YZ , ZX , XY ; 

and their concurrency is established by Steiner's theorem concerning 
orthologous triangles. See § 6 (1). 

Since AHj. BH2, CH3 are respectively perpendicular 
to YZ , ZX , XY, they are therefore perpendicular 

to ligHg, HgH^, H^Ho, 

and consequently concurrent at the orthocentre of H1H2H3. 

(73) If the honiotJtetic centre of the triangles 

XYZ and U^ 11^ IL he T 

XYZ „ ii;uiH; „ T, 

XYZ „ I^'lI^'Ii;' „ T, 
XYZ „ HrH:"lLr „ T, , 

then l\Tjr.i is similar and oppositely situated to ABC, 

and T, 7\, ^g? ^3 form an orthic tetrastigm. 

For To is the mid point of XH/' 

TATTT "' ■ 
3 5) JJ 1) J) )J -tVJXi , 

therefore ToTg is parallel to H/'H/" and equal to half of it ; 
therefore TgTg „ „ „ B C „ „ „ „ „ „ . 

Again T is the mid point of XHj 

therefore T Ti is parallel to HiH/ and equal to half of it ; 
therefore T Tj is perpendicular to H/'Hi'" or to T0T3, 
and T is orthocentre of T^TsTg. 
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(74) The point T is the centre of the three parallelograms 

YZHJL,. ZXILJI^, XYUJI^, 
For YH„ ZH3 intersect at T. 
Similarly Tj, Tg, T^ are each the centre of three parallelograms. 

(75) If X\ r, Z' he the mid poi^its of YZ, ZX, XY, then the 
voint of concurrency of 

II, X', 11^ Y\ 11^ Z is H 

11; A", Hi r, //; z' ,, A ^ 
11;' X, iirr, 11;' z „ B 
ii;'x\ }i;"Y\ iirz „ c. 

For YHj and HZ are parallel, and so are ZHj and HY; 
therefore HYHjZ is a parallelogram ; 
therefore HHi and YZ bisect each other, 
that is, HjX' passes through H. 

Again, ABC, H/H/'H/" are congruent and oppositely situated, 
and Y in ABC corresponds to Z in H/H/'H/" ; 
therefore AYH/Z is a parallelogram ; 
therefore AH/ and YZ bisect each other, 
that is, H/X' passes through A. 

(76) Let the incircle and excircles of XYZ be denoted by their 
centres H, A, B, C ; then the radical axes of 

H, A ; H, B ; H, C ; B, C : C, A ; A, B 
are T^ T3, T^T,, T^ T^, T, T , T^ T , T3 T. 

For T2T3 is perpendicular to HA, and bisects YZ. 

(77) The circles A, B, C ; H, C, B ; C, H, A ; B, A, H 
have T , Ti , T2 , T3 
for radical centres. 

(78) X\ Y' Z' are the feet of the perpendiculars of T^T^T^. 
For in triangle AXH/ the mid point of XH/ is Tj, 

and TjT is parallel to AX ; 

therefore TjT passes through X', the mid point of AH/. 

Hence T, T^, Tg, Tg are the incentre and the excentres of the 
triangle X'Y'Z'. Compare §5, (11), (12). 
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(79) The homothetic centre of the triangles 

T1T2T3 and H/H/'H/" is X 

1I2I3 „ ±±2 ±±2 Wo >J ^ 

TlTgTg „ H3'H3"H3"' „ Z . 

For T.,, T3 are mid points of XH/', XH/". 

(80) Since X'Y'Z' is the complementary triangle of X Y Z, 
and T, Tj, Tg, T3 are the incentre and excentres of X'Y'Z', 
and H,A,B,C „ „ „ „ „ „ XYZ; 
therefore HT, ATj, BT2, CT3 all pass through the centroid 
of XYZ. See §2. 

If G' denote this centroid * 
then HG' : TG' = AG' : T^G' - BG' : T2G' = CG' : T3G' 

= 2:1. 

(81) Since H is the incentre, G' the centroid, of XYZ, and T 
the incentre of X'Y'Z', if HG'T be produced to J' so that TJ' = HT, 
then J' will be the incentre of XjYiZi. 

Similarly J/, Jg', J3', situated on ATi, BTg, CT3, 
so that TjJ/ = ATi and so on, will be the first, second, and third 
excentres of XiYiZj. 

These statements follow from the first few corollaries of § 2. 

(82) The tetrads of points 

H, G', T, J' ; A, G', Tj, J/ ; B, G', Tg, Jg' ', C, G', T3, J3' 
form harmonic ranges. 

(83) Since triangles I1I2T3, ABC stand to each other in the 
same relation as ABC, XYZ, the second being the orthic 
triangle of the first, it may be convenient to state in another form 
some of the results already established. 

The means of transliteration from the one form to the other will 
be afforded by the following lists of corresponding points. 



* G' would naturally denote the centroid of triangle A'B'C, but G is the 
centroid both of ABO and ArB'C. 
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and 



and 



A, B, C, H, X, Y, Z, H„ H;, H3 

correspond to 
hi l2» T.ii I» A> ^1 CJ, H„, Hft, H^ 

O, 0„, 0„ 0„ G', T, T,, T„ T, 

correspond to 
Oo, Oi, 0„ O3, G, L, L„ I^, L3 



X', Y', Z', Xi, Yj, Zj, J', J/, Jo, J3 

correspond to 

A', B', C, Aj, Bj, Cj, J , Ji , Jo 9 Ja- 

Hence the following results* are obtained : 

(a) The orthocentres of the triangles BCIi, CAIg, ABI3 form 
the vertices of a triangle H^H^H^ which is congruent to 
the fundamental triangle ABC, and has its sides parallel 
to the corresponding sides of ABC. 

{b) AH„, BHft, CHc are concurrent at the radical centre 
of I„ I2, I3. 

(c) The radical centre bisects AH„, BH^, CH^. 

(d) The radical axes of the I circles bisect the sides of HJl^Hc 

(e) Oy is the orthocentre of H^HftH^. 

(/) ADi, BE2, CF3 are concurrent at J the incentre of H^HaHc. 
The points J, I, L are coUinear. 

(g) H„, A', I ; H„ B', I ; H,, C, I are collinear. 

(h) A', B', a bisect H J, H J, H J. 

Figure 59. 

In triangle ABC, the points H, X, Y, Z 
are the orthocentre and feet of the perpendiculars ; 
the various 1, D, E, F points are the centres and points of contact 
of the incircle and the excircles. 

The rest of the notation will be explained as it is wanted. 

* See Professor Johann Dottl's Neue merkvmrdiffe Punkte de8 Dreiecks, 
pp. 40-46 (no date). The proofs given in this noteworthy pamphlet are analytical 
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(84) The perpendicular AX contains the intersection of 

D2E0, D3F3 namely Xq 

D3E3, D2F2 „ Xi 

D E , D,F, „ X, 

D,E,, DF „ X3. 

The perpendicular BY contains the intersection of 
E3F3, EiDi namely Y, 
E,F2, ED „ Y, 

EiFj, E3D3 „ Ya 

E F , E2D2 „ Y3 . 

The perpendicular CZ contains the intersection of 

FiDi, F2E2 namely Zq 

FD , F3E3 „ Zi 

F3D3, FE ,, Z2 

FgDo, F^Ej „ Z3. 

Figure 60. 

Through A draw a parallel to BC ; 
let D2E2 meet AX at Xq and the parallel at S. 

Then triangles CDgEj, ASEg are similar ; 
and because CD^ = CEg 

therefore AS = AEg = % 

Now triangles AXqS, DIG have their sides respectively parallel to 
each other ; therefore they are similar. 
But AS = s, =DC; 

therefore AXo = DI =r . 

Again if D3F3 meet the parallel through A at T, 
and AX at Xq', it may be proved that 

AT = AF3 =82 =DB 
and that triangles AXq'T, DIB are congruent ; 
therefore AXq' = DI = 



r. 



and Xq, Xq' are the same point. 

The other properties are proved in a manner exactly analogous. 
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(85) Figure 59. 

AX, = BYi=:CZi = r, 
AX2=BY, = CZ3 = n 
AX3=:BY, = CZ3 = r3. 

Attention may be directed here and later on to the way in 
which the various sufl^es occur. 

The triads of lines the triangles 



E^F,, F3D2, D3E3 

E F , F,D3 , D.E2 I , , . 

R.F.; fv: d;e; ^ •^^'^'-'^^'^^ 

E^Fj, FiDj, DE 



X1Y2Z3 

X^jYjZa 
X3Y0Z1 . 

X^YiZq 



(86) The four triangles 

Xj Y2Z3 , X^YgZa , XjYqZj , X2Y1Z0 
are respectively similar and oppositely situated to 

I, I, I3, I I3 I2, I3 I Ii, T2 Ii I 
and H, the orthocentre of ABC, is the circumcentre of the four. 

Since Y2Z3 is perpendicular to AIj, 
therefore YjZg is parallel to I2I3. 

Similarly for Z3X1 and X{Y^, 

Again z.HYoZ3= lCAI, 

because the sides of the one are perpendicular to those of the other ; 

and L HZ3Y2 = L B All, ^or a similar reason ; 

therefore l UY^Z., = ^ HZ3Y2 ; 

therefore HY2 = HZ3. 

Similarly HZ3 = HXi; 
therefore H is the circumcentre of X1Y2Z3. 

(87) The radii of the circumcircles of 

X1Y2Z3 , X0Y3Z0 , XgY^Zl , XoYjZq 

are 2R + r , 2'R-r^, 2R-7-,, 2R-r3. 
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For HXi + HY^ + HZg 

= rj+ r^-h 7-3+2(^1+ h + h) 
= 4R + r + 2r + 2R 
= 6R + 3r . 



X3D3 



(88) XoD = AI, XiDi = AIi, X^\)^=^Al^, 

YoE = BI, YiEi = BIi, Y2E2 = Bl2, 

ZoF = CI, Z,F, = CI,, Z2F2 = Cl2, 

Because AXq is equal and parallel to ID, 

therefore AIDXq is a parallelogram ; 

therefore XqD = AI. 



(89) In the four pairs of triangles 

XjYgZg , X0Y3Z2 , XgYgZi , X2Y1Z0 

^1 -'2 I3 > I -Is I2 ) I3 I ^1 > ^2 ^l^ 

consider the intersections of the sides.* 

Y2 Z3 intersects Iil2 , I1I3 at V^ , Wj 



AI3 
Y3E3 = Bl3 

^3 E3 = C I3 



ZaX, 


lA. 


IJi 


»> 


w,, 


u. 




X,Y, 


I3I1, 


I3T, 


>> 


U3, 


V3 




Y,Z, 


II.,, 


II2 


» 


v, 


w 




ZjXo , 


IJ2, 


IJ 


>> 


w,, 


U" 




X.Y, 


1.1 , 


IJ3 


1> 


U"', 


V3 




Y„Z, , 


lal , 


I3I. 


» 


v, 


w, 




ZiX, 


II., 


II3 


>> 


W", 


U" 




X3Y0 


1,1,, 


III 


}) 


173, 


yin 




YiZ„ 


I.T., 


1.1 


>J 


Vi, 


w 




Z0X2 , 


III, 


IJ, 


?J 


W", 


U2 




X.Y, 


I To., 


III 


>J 


U'", 


■y"' 




It will be seen th 


at several theorems 


are embedded in 


the 


preceding notation. 















* The notation here is somewhat complicated, but it could not well be other- 
wise. I have made various attempts to simplify it, but with little success ; what 
is gained in one respect is lost in another. 
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(90) The sides of the four triangles 

DEP, DiEiFi, D2E2F2, D3E3F3 
contain each four other points of the diagram. 

EP contains Y3 Zg V W 



Sect. I. 



FD 


Zi 


X3 


W" 


U" 


DE 


X, 


Y. 


U'" 


Y'" 


E,F. 


Y, 


z. 


V, 


w, 


F,D, 


z„ 


X, 


W" 


u. 


D.E, 


> X3 


Y. 


U3 


\"' 


KF, 


Y, 


Zo 


V, 


w 


F.D, 


. Z3 


x> 


w. 


u„ 


D,E, 


X, 


Y, 


U'" 


v. 


EaF, 


) ^0 


Zi 


v 


w, 


F,T>, 


» ^2 


x„ 


w. 


U" 


DA 


> -^1 


Y. 


u„ 


V3 



(91) The twelve EP, FD, DE lines determine, by their inter- 
sections with the six lines of the orthic tetrastigm II1I2I3, pairs 
of feet of the perpendiculars of the triangles 

IjBC , AI2C , ABI3 

I BC , AI3C , ABI2 

I3BC , AI C , ABI, 

I2BC , AIjC , ABI . 

The other twelve feet are the various D, E, F points. 
It may be useful to remember that these four triads of triangles 
are similar to 

1,1 J3, Hals, iJi., LIiI. 

The following proof of one of these properties may be sufficient : 

Because CDi = CEi 

therefore triangles CDiVj, CEiVj are congruent 
and L ODiYi = l CE, V^ = J(B + C) 

= ^I3AB. 
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Now triangle IjBC is similar to I1T2I3, 

the sides IjB , IiC , BC being homologous to 

» »> 1-1 l2> 1-1^3 > -■^2^-3 

and IiDj being homologous to IjA, 

so that Dj and A are homologous points ; 

therefore V^ „ B „ „ „ , 

since L CDiVi = l I3AB. 

But B is the foot of the perpendicular on Ijlj from Ig ; 

therefore Vi„ „ „ „ „ „ „ IiO „ B. 

(92) The following quartets of points form orthic tetrastigms : 

X0X1D2D3 ; Y0Y2E3E1 ; ZoZgFjFg 

(93) Through the mid point of 

BC pass XJ, XJ, , X2I2, X,T, 

CA ,, YqI , j'^ili > ^2*2 > ^s'a 

AB „ Zq I , ZJi , Z2I2 , Z3T3 . 
Take * for example Xjlj. 

Triangles X1D2D3, IiBO are similar and oppositely situated ; 
therefore Xjlj passes through their centre of similitude. 
But D3C „ ,, ,, „ ,, „ ; 

therefore if Xjli cut D3C at A', the centre of similitude is A'. 

A'B A'D^ 
Hence 



A'C 


A'D^ 






A'B + 


A'D, 




A'C + 


A'D 




BD2 


s 




-cD.r 


T' 



therefore A' is the mid point of BC. 

A shorter demonstration of this would be obtained if (95) were 
proved before (93). 

* This method of j)roof is due to Professor Neuberg. 
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For X1U3T1U2 is a parallelogram : 
therefore Xilj bisects UjU* ; 

therefore „ „ C C . 

(94) The four centres of homology of the four pairs of 
triangles X^Y^Z;^ ^Jt*1^3) ^^^ ^o on, are the sTmmedian points of 
these pairs of triangles. 

For I,X, bisects BC, 
and BO is antiparallel to LTj with respect to ^ Ii ; 
therefore IiXj is a sjmmedian of IjT.Jj, 

Since Xjl, bisects BC, it mast also bisect DjD,. 
Now DjD, is antiparallel to Y^Zs with respect to z. Xj ; 
therefore X^Ii is a sjmmedian of XjYoZj. 

(95) All the XJ points are on a line parallel to BC 



» 


»> 


V 


>J 


>J 


» 


n 


» 


>j 


.. CA 


» 


>» 


w 


J> 


» 


JJ 


>» 


)} 


» 


„ AB. 



(90) UX% = V3 Vj = W1W2 = s 

U"U"' = V3 V' = W'W2=ai 

UoU"' = V'"V, = WW" = «3. 

Because D2U2 is parallel to B XJg , 

and C U2 „ „ „ D3U3 , 

and CD2-«i = BD3; 

therefore D2Uo = BU3 ; 

therefore U2TJ3BD2 is a parallelogram ; 
therefore U2U3 is parallel and equal to BD2, that is to 8. 

Similarly the other UU lines are parallel to BC ; 
therefore the U points are coUinear. 

The U points lie on the line B'C. 
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(97) The following sets of six points are concyclic 

U" , U3 , Y'" , V , W, , W 

Because DgVg, D3W2 are two of the perpendiculars of XiDgD., ; 
therefore W2V3 is antiparallel to D2D3 with respect to z. Xi ; 
therefore WgVg is antiparallel to UoUa ; 
therefore W2, V3, U«, Ug are concyclic. 
Similarly U3, W„ V„ V3 „ 
and Yi, U2, Wg, Wj „ 

Hence all the six points are concyclic. 

The four circles are the Taylor circles of the orthic tetrastigm 

(98) If the centres of these circles be denoted by 

Oo, Oi, O2, O3 

then these four points form an orthic tetrastigm. 

They are the incentre and the excentres of the complementary 
triangle A'B'C. 

(99) The six II lines of the orthic tetrastigm II1I2T3 are the 
radical axes of the circles Oq, Oj, O2, O3 taken in pairs ; and the 
four I points of the same tetrastigm are the radical centres of the 
circles Oq, Oj, O2, O3 taken in threes. 

(100) The following are symmetrical trapeziums : 

W2V3W,Vi; U3W,U2W2; V,U2V3U3; 
W2 V3 W'V ; U'" W'U" W2 ; Y'\J"Y^ V" ; 
W'Y"'W,Y' ; U3WiU"W"; Y'V'Y"'Vs; 
W'' V" W Vi ; U'" W'Ua W" ; YJJ^ Y '"V" . 
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r^ :-»x<.^r Fuhnnann gives the following property, but his proof 
:^ : V * ^"^.^ r^r iiis^rtion here : 

F.>* A\:5 oi h '»ni«-»!.'k:::T of the triangles 

ABC and X^Y^, 
;s IV— .v: .r.u'AT to HI. 



\V ;•>, *%^- ^ «.?::•*» a i>rH»rti»*<, t.M^ (H5), (91) are given by W. H. Levy of 
S^* V* '— .• :"• !.•'« t ■ i #; ■♦•. ♦.".'* Z>iV?ry for 1857, pp. 50-1, in his answer 
- « » ■^ 1* .!■» xr*** % -v. :,.«• f»rvvi.>us year. 

V • t^ ' . -^^ -.' • S'F *^« ».i.-.*A''//w^7«f« (Paris, 1873) the follow- 

'••. ., . . , ' 1* , • :i- 'jr- •"'•< of a triaiyjle ABC which are situated 

. * . X ..,-..-. . -\ • tf c vk '' triattgie A'B'C is formed, (1) F%nd 

, ^ . 4 .< ," : P- -, :kU AA^ BB\ CC are the altitudes of ABC, 

< /» • -s. 1 I •••' .•**->: «j ' :\ cT^Hmcirde of A'B'C 

\. s \ .^ . / --. '• Y J/- --.rf.^M^ I. 50-3 (1874), Professor 

\ V X V ^ • ^•^.- •• A ^. : e .< :r.r V J jtM ion, in which (confining himself 

^ ^.. \ > ►. •.- - V- . V . N7....II,, ,9-j^ (93), (94) and one or two 

»^ . > ^ ^''- .' -s>. r N- »■ re .s : •• K.i t^iition of Casey's Sequel to Euclid, 

y\ -•\ V'.' V' i'^-.>>vc V. r ,jt''.':i IT. :::•- >y'it 'ihcheBeweiseplanivietrischer 

V • ^ * . - \ .' »- . \ " - • -^ . . — .- : . A:-«i to th»- Edinburgh Mathematical 
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§ 6. Euler's Line. 

The circumcentrey the centroid^ and the orthocentre of a triangle 
are collineary and the distance between the first two is haJf tlie distance 
between the last two* 

Figure 61. 
First Demonstration, f 
Let A', B' be the mid points of BC, CA, and let the perpendi- 
culars to BC, CA at A', B' meet at O ; 
then O is the circumcentre. 
Let the perpendiculars AX, BY meet at H ; 
then H is the orthocentre. 

Join OH and let A A' meet it at G. Join A'B'. 

Because triangles HAB, OA'B' have their sides respectively 
parallel to each other, they are similar ; 
therefore HA : O A = AB : A'B' = 2 : L 

Again triangles HAG, OA'G are similar ; 
therefore HG : OG =HA : O A' = 2 : 1 

that is, AA' cuts OH so that HG = twice OG. 
Hence also the medians from B and C cut OH 
so that HG= twice OG; 
therefore G is the centroid, and H, G, O are coUinear. 

This is also a proof that the medians are concurrent. 

Second Demonstration. 

Let AA' be the median from A, G the centroid, and O the 
circumcentre. 

Join OA', OG, and let AX the perpendicular from A to BC 
meet OG produced at H. 

* Proved by Euler in 1765. His proof will be found in Novi Commentarii 
Aeademicte ... Petropolitanae, XI. 114. An abstract of this paper of Euler's is 
printed in the Proceedings of the Edinburgh Mathematical Society^ IV. 51-55 (1886). 

t This method of proof is given in Camot's G^om^trie de Position^ § 131 (1803). 
The second and third methods are imitations of it. 



Digitized byVjOOQlC 



98 Sect. I. 

Then triangles HAG, OA'G are similar ; 
therefore HG : 0G = AG : A'G = 2 : 1, 

that is, AX cuts OG produced so that HG = twice OG. 
Hence also the perpendiculars from B and C cut OG produced 
so that HG = twice OG ; 
therefore H is the orthocentre, and H, G, O are collinear. 

This is also a proof that the perpendiculars to the sides from the 
vertices are concurrent. 

Third Demonstration. 

Let AX be the perpendicular, AA' the median, from A to BC ; 
and let H be the orthocentre, G the centroid. 

Join HG, and let the perpendicular from A' to BC meet HG 
produced at O. 

Then triangles HAG, OA'G are similar ; 
therefore HG : OG = AG : A'G = 2 : 1, 

that is, the perpendicular to BC from its mid point cuts HG pro- 
duced so that HG = twice OG. 

Hence also the perpendiculars to CA, AB from their mid points 
cut HG produced so that HG = twice OG ; 
therefore O is the circumcentre, and H, G, O are collinear. 

This is also a proof that the perpendiculars to the sides from 
their mid points are concurrent. 

Fourth Demonstration.* 
Figure 62. 

Let H be the orthocentre, determined by drawing AX, BY per- 
pendicular to BC, CA ; O the circumcentre, determined by drawing 
A'O, B'O perpendicular to BC, CA from their mid points A', B'. 
Join HO and let it meet the median AA' at G. 

Bisect HA, HB at U, V, and GA, GH at P, Q : 
join UV, PQ, A'B'. 



♦ This mode of proof assumes only the first book of Euclid's Elements and its 
immediate consequences. 
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Then A'B' is parallel to AB and equal to JAB , 
and U V is parallel to AB and equal to JAB ; 

therefore A'B' is parallel to UV and equal to UV . 
Because O A' and HU are both perpendicular to BC ; 
therefore O A' is parallel to HU. 
Similarly O B' is parallel to HV. 

Hence the triangles OA'B', HUV are mutually equiangular, 
and, since A'B' = U V, congruent. 
Therefore OA' = HU = JAH. 

Again PQ is parallel to AH and equal to JAH ; 
therefore PQ is parallel to OA' and equal to OA' . 
Hence the triangles A'GO, PGQ are congruent ; 
therefore A'G = PG = | AG ; 
therefore G is the centroid, and OG = QG = JHG. 

The straight line HGO is frequently called Euler's line. 

(1) The twelve radii drawn from the incentre and the eoccentres 
of a triangle perpendicular to tJie sides of the triangle meet by threes 
in four points, and these four points are the circum^entres of the 
triangles * 

Figure 63. 
The triads of concurrent radii are 

IiDi , I2E2 , I3F3 I D , I3E3 , I2F2 

I3D3, IE , I,F, I2D2, I,E,, IF 

and the theorem follows at once from the converse of the first part 
of §5, (32). 

A second proof of the concurrency of these four triads may be 
derived from OppeFs theorem in § 2 and the expressions in § 4, (5). 

♦ The results (l)-(7) are given by T. S. Davies in the Philosophical Magaavne, 
II. 26-84 (1827). The concurrency of the first triad at the ciroumoentre of 
triangle IiWs, and the length of the radius, 2R, of that triangle were pointed out 
by Benjamin Bevan in Leyboum's MaihematicaX Bepoiitory^ new series, I. 18 
(pagination of questions), 143 (pagination of Part L) in 1804. Compare the sub- 
scripts in the designations of the four I triangles with the subscripts of the radii 
which meet at their circumcentres. 
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A third proof may be got from a theorem of Steiner* : 

Ifiihe three perpendiculars from the vertices of one triangle on the 
sides of another are concurrent, the three corresponding perpendi- 
culars from the vertices of the latter on the sides of the former are 
also concurrent. 

The following proof is due to Mr W. J. C. Miller f : 

Because l Egla A = iC AB = l FsI^ A 

^FJgB^JABC^ ^DJ,B 
_ D JjC = IBCA = L EJoC ; 

therefore IjDi, IgEg, I3F3 will meet in a point Oq such that 

OoIi-=OoT2 = Ool3; 
hence Oq is the circumcentre of Iil2T3- 

Similarly for the other triads, which meet at the points 

0„ O,, O3. 
Dep. Mr Lemoine has proposed J to call triangles such as those 
of Steiner's theorem cyrthologous, and the points of concurrency of 
the perpendiculars centres of orthology. 

Hence ABC is orthologous with each of the triangles 

^lJ-2'3 > -'•'■3^2 > ■'^S'-^l J ■'^2*-lJ- 

and the respective centres of orthology are 

I, Go; Ii, O, ; I2, O, ; I3, O,, 

(2) The figures OqLOJs, OJfiJ^, OqIAA are rhombi. 

For OqIo^ Ojla are perpendicular to AC 

CqIs? OjIo „ „ „ AB ; 

and O0I2 = O0I3 . 

Hence OqOi , OoOg , O0O3 

are respectively perpendicular to 

1-2 ^2 y -Is 1-1 f ^1 ^'2' 



* Crelle'a Journal, II. 287 (1827), or Steiner's GesammcUe Werke, I. 157 (1881). 

t Lady*8 and Gentleman's Diary for 1863, p. 54. 

X Journal de MathimaJtiques Sp^ciales, 3rd series, III. 63 (1889), and the 
memoir Sur les triangles orthologiques read at the Limoges meeting (1890) of the 
Association Frangaise pour Vavancement des Sciences. 
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(3) Ofi,, 0,0,, 0,0, 
are respectively parallel to 

For O2I3, O3T2 are perpendicular to BO ; 
and they are equal, since the radii of the circumcircles of the 
four I triangles are equal ; 
therefore O2O3I2I3 is a parallelogram. 

(4) The four O triangles are congruent to their respective 
four I triangles, and their corresponding sides are parallel. 

(5) The points Oo, Oi, O2, O3 are the orthocentres of the four O 
triangles taken in order. 

(6) The figures lOJ^O-^, lO^LX)^, lOJJO^ are rlwmhi. 
For IO2, IiOy are perpendicular to AC 

IO3, IjOg ,, ,, ,, Ai3 ; 

and 102 = 103, 

since the radii of the circumcircles of the four I triangles are equal. 

(7) The points I, Ii, Ig, I3 feire the circumcentres of the four O 
triangles taken in order. 

(8) lOo, lA, I2O2, I3O3 

are the Euler's lines of the four I triangles, and of the four O tri- 
angles, and the circumcentre of ABC is the mid point of each of 
them. 

(9) By referring to the Section* on the nine-point circle, it will 
be seen that the circumcircle of ABC is the nine-point circle of the 
eight I and O triangles, and that the radii of the circumcircles of 
these eight triangles are. each 2R. 

It will also be seen that the circumcircle of ABC bisects each of 
the six straight lines 

il] , 1I2 ) J^As > -^-a^s J J-SM » ^iJ-G 



* Proceedings of the Edinburgh Mathem<UicaZ Society^ XI. 19-57 (1893). 
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at U , V , W , U' , V , W ; 

and that UU' , VV , WW 

are the diameters of the circumcircle ABC perpendicular to 
BC , OA , AB. 

(10) U'V'W, U'VW, UV'W, UVW 

are the complementary triangles of the four I triangles taken in 
order. 

(11) OoOi, OoO,, O0O3, OA, O3O,, OA 
pass respectively through the points 

U' , V , W , U , V , W . 

(12) The following pairs of straight lines intersect on the 
circumcircle of ABC : 

OqO,, OA; OoOj, O3O1; O0O3, OA 

at U, , V, , W, . 

(13) Triangle UiViWi bears to OqOiOs exactly the same rela- 
tions that ABC does to I1I2I3. 

Figure 64. 
(14) Of the four I triangles taken in order let 
Co , Gi , G2 , G3 
be the centroids ; then the concurrency of 

IjV'y I,V', I3W' determines Go 
lU', I3V, LW „ G, 

l3U,IV', I,W „ G, 

I,U,I,V,IW' „ G3. 

(15) Go lies on I Oo and IGo = 20oGo 
Gi „ „ I A „ IA = 20,G, 

G2 n )» I2O2 „ I2G2=202G2 

G3 „ ,, I303 „ 1303=20303. 

(16) Through O pass* 

IGo , IjGi , I2G2 , I3G3 and 

OI = 30Go, 0Ii = 30Gi, 012 = 3002, Ol3 = 30G3. 



* Thomas Weddle in the Lady's and Gentlertian's Diary for 1849, p. 76. 
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(17) If through Go parallels be drawn to 

OoU', OoV, OoW 
these parallels will meet 

lU', IV', IW 

at G, , G, , G3 . 

(18) G1G2G3 is directly similar to U'V'W and I1I2I3, the ratio of 
similitude in the first case being 2 : 3, and in the second 1 : 3. 

(19) I, U, V, W; Oo, U', V, W ; Go, G„ G„ G3 
form orthic tetrastigms. 

Figure 63. 

(20) The areas of the six rhombi * 

Ool AI« , O0I3O2I1 , O0I1O3I0 
IO2IA, IO3TA, IO1I3O2 
are 2Ra , 2R6 , 2Rc . 

(21) The areas of the three parallelograms f 

IJ3OA , I3IAO1 , I1I2O1O2 

are 2R(6 + c), 2R(c + a), 2R(a + 6). 

(22) The figure I1O3I2O1I3O2 is an equilateral hexagon J; its 
opposite sides are parallel J, and equal to the diameter of the circum- 
circlej of ABC; its angles are the supplements § of the angles of 
ABC ; and its area § is equal to the sum of the areas of IJoIs and 
O1O2O3, that is equal to 4Rs. 

* The last three are g^ven by Rev. William Mason of Normanton in the 
Lady^s and Gentleman* s Diary for 1863, p. 53. 

t Mr S. Constable in the Educational Times, XXXI. 113 (1878). 

X T. S. Davies in the Philosophical Magaziney II. 32 (1827). 

§ Rev. William Mason in the Lady's and Gentleman^s Diary for 1863, p. 54. 
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§ 7. Relations among Radii. 

The sum of the radii of the three excircles diminished by the 
radius of the incircle is double the diameter of the circum/^ircle.* 

Figure 64. 

Let O be the circumcentre, ID, IjDi, TgDa, I3D3 the radii of the 
incircle and the three excircles perpendicular to BC. 

From O draw OA' perpendicular to BC, and let OA' meet the 
circumcircle below BC at U and above it at U'. 

Because OA' is perpendicular to BC, 
therefore A' is the mid point of BC, and U the mid point of 
arc BUC. 

But since AIi bisects l BAC, 

therefore it bisects arc BUG, that is, AIj passes through U. 
Since UU' is a diameter, and l U AI3 is right, 
therefore I2I3 passes through XT'. 

Now because ID, UA', IjDj are parallel, and DA' = Dj A', 
therefore 2UA' = I,Di-ID ; 

and because IgDg, U'A', I3D3 are parallel, and DgA' = D3A', 
therefore 2U' A' = I3D2 + I3D3 . 

Hence 2(UA' + U'A') = I^D, + I^D^ + IjDg - ID ; 

that is 4R = ^i + 7*2 + r3 - r . 

(1) The sum, of the distances of the circumcentre from, the sides of 

a triangle is equal to the sum, of the radii of the incircle and the. cir- 

cumxiircle ; and the sum of the distances of the orthocentre from the 

vertices is equal to the sum of the diam^eters of the incircle and the 

■ circum,circle. 



* Feuerbach in his Eigen8chaft€n...des..,Dreiecks, §5 (1822), proves it alge- 
braically. The proof in the text is that of T. S. Davies in the Ladiei' Diary for 
1835. p. 55. 
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For OA' = OU-A'U 

= R-|(r,-r). 

Similarly OB' = R - ^(r., - r) ; 

0C'= R-J(r3-r); 
therefore OA' + OB' + OC = 3R - ^{r, + r. + ^3 - 3r) 

= 3R-|(4R + r-3r) 
= 3R-(2R-r) 
= R + r. 
Again H A + HB + HC = 20A' + 20B' + 200' , 

= 2(R + r). 

If one of the angles of the triangle be obtuse, the circumcentre 
will fall outside the triangle, and its distance from the side opposite 
the obtuse angle must then be considered negative. Also if the 
circumcentre fall outside the triangle, so will the orthocentre. In 
that case the distance of the orthocentre from the vertex of the 
obtuse angle must be considered negative. 

These two properties, as well as the remarks at the end of the 
proof, are given by Oarnot in his Geometrie de Position, § 137 (1803). 

The following is Oarnot's mode of proving the first property. 

Figure 65. 

The quadrilaterals AB'OC, BA'OC, CB'OA' are inscriptible in 
circles; therefore 

AO • B'C = AB' • CO + AC • B'O 
BO • C'A' = BC • A'O + BA' • CO 
CO • A'B' = C A' • BO + CB' • A'O . 

Adding these equations, and noting that AO = BO = GO = R, 

that B'C + CA' + A'B' = s, and that AB' = CB', AC = BC, B A = CA', 
we have 

sR = «(A'0 + B'O + CO) - J( A'O • BC + B'O • CA + CO • AB) 
= s(A'0 + B'0 + CO)-A 

= «(A'0 + B'0 + C'0)-sr ; 
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therefore R = A'O 4- B'O + CO - r, 

or R + r = A'0 + B'0 + CU 

(2) The relation ^R = ri + ^a + ^3 - r has been employed to 
establish R + r=^OA' -hOB' + OC ; 

but the method of procedure may be reversed. 

Figure 64 

For OA' = OU - A'U - R - |(n - r). 

Similarly OB' = R - \{r^ - r) 

OC =R-J(r3-r); 

therefore O A' + OB' + OC = 3 R - ^{r^ + n + r.,- 3r) 
that is R + r = 3R - ^{r^ + ro + r^ - 3r) ; 

whence 4R = rj + ra + ^3 - r. 

(3) A'U -{-B'V +(7'ir =2E-r 
and* A'U'-\-B'r + C'W' = 4:R-\-r. 

These results follow from subtracting A'O + B'O + CO from 3R, 
and adding A'O + B'O + CO to 3R. 

For another proof of the first of them see Mathematical Questions 
from the Educational Times, XVII. 47 (1872). 

(4) The following relations subsist between the distances of the 
circum^entre from the sides of a triangle and the radii oj the circum- 
circle and the excircles : t 

-OA'-^OB'-\-OC'= --E + r, 
OA'-OB' + OC'= -E + r^ 
OA' + OB'-OC'= -E-^r,. 

Figure 66. 
From U draw UT perpendicular to AB, 
and from O draw OR perpendicular to UT. 

* Hind's Trigonometry, 4th ed., p. 309 (1841). 

t Mr Bernh. Mollmann in Grunert's ArchiVy XVII. 379 (1851). 
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It may be proved that AT = |( AB + AC) 
and BT = J(AB-AC); 

therefore AB' = JAC = i(AT - BT) 

= C'T = OR. 
Hence the right-angled triangles AB'O, ORU are congruent 
and OB' = UE; 

therefore OB' + OC = UT 

= J(IF + I,FO; 
therefore 2(0B' + 0C')= r + rj. 

Now OA' + OB' + OC = R + r; 

therefore - O A' + OB' + OC = - R + r^. 

(5) TJie follotmng ia another proof* oftlie relation 
OA' + OB + OC'^B + r. 

Figure 67. 

Through I the incentre draw a parallel to AO meeting OB' 
in K; through K draw a parallel to IC meeting OA' in L 
and BC in N. From N draw NM perpendicular to AC and 
meeting OA' in M. 

Since KN is parallel to the bisector of l ACB, 
therefore 



CN 


= IK = 


EB' = CB'-CE 




AC 

~ 2 


BC+CA-AB 

2 


A'N 


AB 
- A'P 


- BC 

2 ' 



therefore 

Again, since MN is perpendicular to AC, 
therefore l MNA' = 90° - l ACB 

^QO**- z.C'OB= ^OBC; 

* Mr Lemoine in Journal de Math6rruitique& M^entaireSt 2ncl series, 
IV. 217-8 (1885). (6) also is his. 
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therefore the right-angled triangles MNA', OBC are congruent, 
and AM = 0(7, MN = OB = R. 

Since - MNL = - MN A' + ^ A'NL 









C 
= 90'-C + Y 












C 

= 90*-Y 












= ^ MLN ; 






therefore 


triangle 


MLN 


is isosceles; 






therefore 


>i 


OLK 


» 5> 






Hence 


OA+OB + 


OC' = 0A' + 0K + 


KB- 


+ A'M 








= OA' + OL + 


IE 


+ A'M 








= LM + IE 












=MN+IE 












- R + r . 







(6) If Tj denote the radius of the first excircle, it may be shown 
by an analogous proof that 

OB' + OC'-OA = ri-R. 
Hence the theorem : . 

If in a triangle the radius of an excircle be equal to the radius of 
the circumcircle, one of the three distances of the orthocentre froni the 
ve7'tices is equals to the sum of the other two, and conversely. 

(7) // 2), 2)' be the projections of A' on OB, 0C\ 

£, F ,, „ „ „ B' „ OC, OA, 

^, ^ „ „ ,, „ C „ OA, OB 

Figure 68. 
Since triangle OBC is isosceles, DD' is parallel to BO, 

and ^_0D 

a R • 



* Mr J. Someritis of Chalcis in Vuibert's Journal de Math^matiques M^men- 
tairesy XVI. 128 (1892). The solution in the text is that given on p. 141. 
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From the right-angled triangles OA'B, ODA' 

OA'2 

^, - DD' OA'2 , IbD' OA' 
therefore = ^^ and a/ = _ 

c- ., 1 /EE' OB' , /FF OC 

Similarly ^_ = _ and ^_ =__ ; 

^, - /^D^ /EE' /FF OA' + OB' + OC 
therefore ^J^^^J-r + ^J—- ^ 

R + r 

^"Rr"- 

(8) The potency (or power) of the incentre of a triangle with 
respect to the circumcircle is equal to twice the rectangle under the 
radii of the incircle and the circumcircle.^ 

Figure 69. 

In ABC let O be the circumcentre, I the incentre. . 

Join 01. 

Through O draw U'U the diameter of the circumcircle perpen- 
dicular to BC. Then U is the mid point of the arc BUC, and 
AU will pass through I. 

Join CU, CU', CI, AO, and from I draw IE the radius of 
the incircle perpendicular to AC. 

Then :_ UIC = l IAC + l ICA, 

= KA + C); 
and z.UOI=^BOI+ ^ BCU, 

= ^BCI+z.BAU, 

= i(A + C); 
therefore GU - lU. 

* William Chappie in Miscellanea Curiosa Mathematica, I. 123 (1746). Euler 
gave the property in an inconvenient form about twenty years later. A tolerably 
full history of Chappie's theorem and its developments during the 18th century 
will be found in the Proceedings of the Edinburgh Mathematical Society^ V. 62-78 
(1887). 
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Again, the right-angled triangles AEI, U'CU are similar ; 
therefore AI : I E = U'U : UO ; 

therefore AI • UC = U'U • IE, 

that is AIIU = 2Rr. 

Lastly from the isosceles triangle OAU 
OA*-OP = AI-IU, 
that is R' -Or = 2Rr. 

(9) If 01 be denoted by d, then 

R«-rf«=2Rr, 
1 1 1 



or 



R +rf R -d r' 



(10) The potency (or power) of an excentre of a triangle with 
respect to the circumcircle is eqiuU to ttvice the rectangle under the 
radii ofthe^exdrcle and tlie circumcircle.* 

Figure 70. 
In ABC let O be the circumcentre, Ij an excentre. 
Join Oil. 

Through O draw U'U the diameter of the circumcircle perpen- 
dicular to BC. Then U is the mid point of the arc BUG, and 
AU will pass through l„ 

Join CU, CU', Oil, AO, and from I^ draw 1{E^ the radius of 
the excircle perpendicular to AC. 

Then ^ U IiC = 180° - ( z. I^AC -I- l I^OA), 

= 90°-i(A + C); 
and z. U C li = ^ BCIj ~ l BCU, 

= jlBCI,- ^BAU, 
= 90^-|(A + C); 
therefore CU=IiU. 

Again, the right-angled triangles AE^I], U'OU are similar ; 
therefore AI^ : I^E, = U'U : UO ; 

therefore AI^ • UC = U'U • IjE, , 

that is All • IiU = 2Rri. 



* John Landen in LucubrcUiones Mathematieae, pp. 1-6 (1755). 
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Lastly from the isosceles triangle OAU, 

that is O V - R' = 2Rr,. 

Hence also O V - R- = 2B,r^ 

and 0X3^- W =2Rr^, 

(11) If Oil, OI2, OI3 be denoted by c?„ d^ d^ then 

e;i2-R2 = 2Rri, c?^^ - R^ = 2Rr2, c^'^ - R'^ = 2Rr3 ; 

1 1 1 



or 



R + c/i R-fl^ ri 

1 1 2_ 

R + rfa'^R-c/g"' " n 

1 1 J_ 

R + e;3"^R~c/3" " rj- 

(12) The potency of I with respect to the circumcircle is * 

ahc 
a + 6 + c* 

ahc 2A 



For 2Rr = 



2A a-^-h-^-c 



(13) The potency of Ij with respect to the circumcircle is 

abc 
-a + b-k-c ' 

For 2Rn = :?^, 2 A 



2A -a-\-h^-c' 

(14) If the first excircle cut the circumcircle at S, and I^S be 
produced to intersect the circumcircle at T, then IjT = 2R. 

For IjS • IjT = potency of Ij with respect to circumcircle, 
= 0Ii^-R^ = 2Rri; 
and IiS = Vy, 

* 0. J. Matthes, Commentatio de PrqprietcUibua Quinque Circulorum, p. 41 
(1831). 
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(15) If 10 be produced to meet the circumcircle in M, N, and 
the incircle in P, Q (the order of the letters is MPOIQN), then * 

MPNQ^r* 
MQNP = 4Rr + r«. 

For MP = (R-r) + OI, NQ = (R-r)-OI 

and MQ = (R + r) + OI, NP = (R + r)-OI. 

(16) If 1,0 be produced to meet the circumcircle in M, N, and 

the first excircle in P, Q (the order of the letters is MOQNIjP), 

then 

MPNQ=:r,2 

MQ-NP = 4Rr,-ri^ 

(17) IM-IN = 2Rr 
OPOQ= -R2 + 2Rr + r2. 

(18) I,M-TiN = 2Rri 
OPOQ=:R2 + 2Rr,-ri2. 

(19) The product of the potencies f of P and Q with respect to 
the circumcircle 

MP • NP X MQ • NQ = r'(4R + r). 

The product of the potencies of M and N with respect to the 

incircle 

MP • MQ X NP • NQ = r3(4R + r). 

(20) The product of the potencies of P and Q with respect to 
the circumcircle 

MP • NP X MQ -NQ = r,\^R - r,). \ 

The product of the potencies of M and N with respect to the 
first excircle 

MP • MQ X NP • NQ = r,«(4R - r,). 

* The first part is g^ven hy Mr Neorouzian in the NouveUea Annales, IX. 
216-7 (1850) ; the second part occurs in Exercices de O^omttrie, by F.I.C., 2nd ed., 
p. 506 (1882). 

t The first part is given in NouvtUes Annales, XVII. 358, 447-8 (1858), and 
attributed to Grunert. 



Digitized byVjOOQlC 



Sect. I. 113 

(21) The radius of the circiumcircle is never less than the 
diameter of the incircle.* 

For OP is positive ; 
therefore R - 2r cannot be negative. 

(22) When the radius of the circumcircle is equal to the 
diameter of the incircle, the circumcentre and the incentre coincide, 
and the triangle is equilateral. 

(23) When the straight line joining the incentre and the circum- 
centre passes through one of the vertices, the triangle is isosceles. 

(24) Since the value of 01^ is independent of the sides of the 
triangle ABC, if two circles whose radii are R and r be so situated 
that the square of the distance between their centres equals 
R(R — 2r), then any number of triangles may be drawn, each of which 
shall be inscribed in the larger circle, and circumscribed about the 
smaller t ; and if the two circles be so situated that the square of the 
distance between their centres is not equal to R(R - 2r), then no 
triangle can be inscribed and circumscribed. 

(25) Since the value of OIi^ is independent of the sides of the 
triangle, a corresponding statement may be made regarding two 
circles whose radii are R and r^ 

(26) If one side of a triangle inscribed in and circumscribed 
about two given circles be given, the other two sides may be found. 

(27) Of the innumerable triangles that may be inscribed in and 
circumscribed about two given circles, two will be isosceles ; and the 
common diameter of the two circles will pass through their vertices 
and cut their bases at right angles. That isosceles triangle which 
has the least base and the greatest altitude will be the greatest, and 
the other isosceles triangle will be the least of all the triangles that 
can be inscribed and circumscribed. 

* Theorems (21)-(24), (26), (27) are given by Chappie; (28) part of which is 
given by Chappie, is due to Dr Otto Boklen. See Grunert's Archiv, XXXVIII. 
143 (1862). 

t A detailed proof of this statement, if such should be considered necessary, 
is given by Dr W. H. Besant in the Quarterly Journal of Mathematics, XII. 276 
(1873). 
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(28) In connection with these innumerable triangles a large 
number of constant magnitudes may be found. A few are here 
enumerated. 

(a) The sum of the perpendiculars from the circumcentre to the 
sides is constant. 

(6) The sum of the distances of the orthocentre from the vertices 
is constant. 

(c) The sum of the radii of the excircles is constant. 

(d) The sum of the reciprocals of the radii of the excircles is 

constant. 

(e) The ratio of the product of the sides to the sum of the sides 

is constant. 

(/) The ratio of the area to the perimeter is constant. 

The proofs of these statements are 

(a) 

{!>) 

id) 

if) 

(29) The sum of the squares of the distances of the circumcentre 
from the incentre and the excentres is equal to three times the 
square of the diameter of the circumcircle.* 

For 2(0r)= 4R2 + 2R(ri + rfi + r3-r) 

= 4R2 + 2R-4R 
= 12Rl 

* Feuerbach, Eigen8ckaften...de8...Dreieck8, §50(1822). 



OA' + OB' + OC 


= R + r 


|(HA + HB+HC) 


= R + r 


n + r^ + r. 


= R + r 


1 1 1 


1 


^1 ^2 ^3 


"" r 


abc 
a + 6 + c 


= 2Rr 


A 




s 


= r 
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(30) The preceding theorem may be derived from the following* : 

The sum of the squares of the tangents drawn from the centres of 
the four circles of contact of a triangle to any circle which passes 
through the circumcentre is equal to three times the square of the 
diameter of the circumcircle. 

Figure 71. 

Let Q be the centre of a circle passing through O the circum- 
centre. 

Draw the diameter of the circumcircle UU' perpendicular to BO 
and bisecting IIi at U and I2T3 at U'. 

Join Q with O, I, I„ I2, I3, U, U', and draw CU, CU'. 
If the four tangents be denoted by t, ti, t^, tg, 

then t^ + t,^ + t,^ + t,^= (QP_Q02)+ (QIi^-QO^) 
+ (QI,^-Q02)+ (QV-QO^) 
= (Qr+QIi^)+ (Ql2^ + Ql3^)-4QO^ 
= 2(QU2 + U P ) + 2(QU'^ + U'l^^) - 4Q02 
= 2(QU2 + UC2 ) + 2(QU'2 + U'C^) - 4Q0- 
= 2(QU2 + QU'2) + 2(UC2 + U'C^) - 4Q02 
= 4(Q02 + OU^ ) + 2 U'U^ - 4Q02 
= 4 0U2+80U^ 
= 12R2. 

When QO becomes zero, or the circle with centre Q vanishes to 
a point, 

t^ + 1,^ + 1^ + 1,^ = OP + OIi^ + O V + Oh\ 



(31) Since - — + 


1 


+ 


1 

^2 


+ 


i -. 


therefore ~ oR "^ 


1 
2Rri 


+ 


1 
2Rr, 


+ 


2Rr, -'■' 




1 


+ 


1 


+ 


1 


tnererore w "Ra + 


d,^-W 


d,^-W 


d^'-B;' -"' 




1 


^)^ 


1 


')'■ 


1 


therefore i2(R^-c^) + ] 


[2{R'-d{ 


12(R2-d>' 


12{W-d,')-^- 



* Philip Beecroft in the Lady^s and Oentlemcm^s Diary for 1845, p. 63. 
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§8. Area. 

The area of a triangle is a mean proportional hetijoeen the rect- 
angle contained by the semiperimeter and its excess ahove any one 
side and tlie rectangle contained by its excesses above the other two 
sides. 

First Demonstration. 

Figure 72. 

Let ABC be the given triangle, and let each of its sides be given : 
to find the area. 

Inscribe in the triangle the circle DEF whose centre is I, and 
join I with the points A, B, C, D, E, F. 

Then the rectangle BC • ID = twice triangle BCI, 
the rectangle CA • IE = twice triangle CAI, 
and the rectangle AB • IF = twice triangle ABI ; 

hence the rectangle under the perimeter of triangle ABC and ID, 
the radius of the circle DFE = twice triangle ABC. 

Produce BC, and make CDg equal to AE; then BDg is the 
semiperimeter, and the rectangle BD.^ * ID = triangle ABC. 
But the rectangle BDg 'ID is a side of the solid contained by BDj 
and the square of ID ; therefore the area of the triangle will be a 
side of the solid contained by BD2 and the square of ID. 

Draw IL perpendicular to IB, CL perpendicular to CB, and 
join BL. 

Since each of the angles BIL, BCL is right, 
the points B, I, C, L are concyclic ; 

therefore the angles BIC, BLC are equal to two right angles. 
But the angles BIC, AIE are equal to two right angles, 
because AI, BI, CI bisect the angles at the point I ; 
therefore angle AIE = angle BLC, 

and triangle AIE is similar to triangle BLC. 
Hence BO :LC =AE : IE, 

= CD2:ID; 
therefore BC :CDo = LO : ID, by alternation, 

= CK :DK; 
and BD.2 : CDj = CD : DK, by composition. 



Digitized byVjOOQlC 



118 Sect. L 

Consequently BD^^ : BDj • CD^ = CD • BD : BD • DK, 

= CD BD rlD'^ ; 
therefore BD,' • I D' = BD, • CD, • BD • CD. 

Now each of the lines BDj, CDj, BD, CD is given ; 
for BD, is the semiperimeter, CD, the excess of the semiperimeter 
above BO, BD the excess of the semiperimeter above AC, and CD 
the excess of the semiperimeter above AB. 
The area of the triangle therefore is given. 

[Numerical illustration.] 

Let AB consist of 13 parts, BC of 14, CA of 15. 
Add the three together ; the result is 42, of which the half is 21. 
Subtract 13 ; there remain 8: 14, there remain 7 : 15, there remain 6. 
21, 8, 7, 6 into one another produce 7056, the square root of which 
is 84. 

The area of the triangle is 84. 

This useful theorem occurs in a treatise '*0n the Dioptra" {irepl diSrrpas) 
which many mathematical historians attribute to Heron of Alexandria (about 
120 B.O.). See Cantor's Vorlesungcn iiber Gcschichte der Mathematik, I. 322-6 (1880). 
Mr Maximilien Marie, however {Histoire des Sciences MatMmatiquea et Phytiques, 
I. 177-190), thinks the theorem cannot belong to so early a period, and ascribes it 
to Heron of Constantinople. The theorem was known to the Hindu mathematician 
Brahmegupta (bom 598 a.d.) and to the Arabs. A good deal of historical informa- 
tion regarding it will be found in Chaales' Apen^u Historique, Note XII. 

I have translated the demonstration in the text from Hultsch's Heronis 
Alexandrini Gcometricorum et Stereomctricorum Reliquiae^ pp. 235-7 (1864), but I 
have not transliterated the notation. 

Second Demonstration. 
Figure 3G. 
Let ABC be a triangle, AX the perpendicular* from A to BC. 
Then AB- = BC2 + CA^-2BCCX 

that is c2= a^ + ¥ - 2a • CX ; 



therefore CX = 



2a 



* Whatever be the shape of the triangle one of the perpendiculars will always 
fall inside the triangle. Let that perpendicular be AX. 
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Now 


AX2 = AC^-CX2 






{a + b + c)(-a + b + c){a - 


-6 + c)(a + 6-c) 




4a'' 






2« • 2*1 • 2«j • 283 






4a» 




therefore 


AX = — >JsSi8^s ' 




Hence 


A =^BC-AX 





Third Demonstration. 
Figure 28. 
Because triangles AFI, AFjIi are similar, 
therefore AF : I F = AF^ : I^Fj ; 

therefore AF^ • AF : AF^ • I F = AF^ • IF : I^Fi • IF. 
Because triangles IBF, BIiFj are similar, 
therefore BF : I F = I^F, : BF^ ; 

therefore IF •IiFi = BF • BFj. 

Hence AF^ • AF : AF^ • I F = AF^ • IF : BF • BF, ; 
therefore ssi : A = A : s.^.^. 

(1) A = l V2(6V + cV + d'b^) - {a* + b* + c% 

This expression is convenient when a, 6, c are irrational 
quantities. 

(2) The folloming method will enable us to discover the expression 
for the area of a triangle^ if it is known tJiat the square of its area is 
an integral function of its sides,^ 

* Terquem in NouveUes Annates, III. 219-220 (1844). The method is also 
applied by Terqueiq to find the expression for the area of a cyclic quadrilateral, 
and it had previously been applied by P. L. Cirodde in NouveUes Annales, 1. 117 
(1842), to find the volume of a spherical segment when it is known that the volume 
is a function of the third degree of its height. 
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Let A denote the area of the triangle, a, by c its sides. 

Then A* is a symmetrical function of the sides of the fourth 
degree. If one side becomes equal to the sum of the two others, the 
area vanishes ; 

therefore A'^ contains the three factors -a-\-b + Cy a-b + Cy a + b-c. 
The fourth factor must therefore be of the form m(a + b + c)y 
where m is a constant number ; 
therefore A^ = m(a + b + c)(-a + b-{- c){a -b + c){a + b-c). 

To determine the value of m, suppose the three sides of the 
triangle to be equal ; 
then A2 = 3ma^. 

But the square of the area of an equilateral triangle, 

3 
whose side is a, = y^a^ ; 

therefore . = !• 



Formulae for the areas of certain triangles. 
See the notation, pp. 7-11. 

Triangles connected tmth the Centroid. 
A'B'C = AC'B' = C'BA' = B'A'C = JA (1) 

If R, S, T be the projections of G on the sides 



4 A' 4 A' 4 A' 
^®^- 9 6V- GTR- g ^,^, GRS- g ^,^, 


(2) 


4 a^ + 6^ + c= 
^ 9 a?bV ^ 


(3) 



Triangles connected mth the Circumcentre. 

OCA = !»*. = 514^ ;. (4) 



O A B = ^cAjg = 



c% a^ + h^^c^) 
16A 
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Since O is the orthocentre of A'B'C, 

therefore OO'B', C'OA', B'A'O 

stand in the same relation to A'B'C as 

HCB, CHA, BAH 
stand to ABC. 

Hence expressions for the areas of these triangles may be derived 
from (27). 

Triangles connected with the Incentre and Excentres, 

DEF DiEjFi D.E^Fo D3E3F3 A. 

(^) 

(6) 
(7) 

(8) 



r ri 


»-.2 


^3 


2R 


DiE,F, +D2E„F2 + 


DAF,- 


DEF = 


2A 


DEF • DiEiFi • 


D,E,F, • 


DAF, = - 


A« 
16R* 


1 1 


1 


l 





D,E,F,+ D^,F,+ 


D3E3F3 


DEF~ 


AEF • BFD 


• CDE 


A' 




lEF • IFD 


• IDK 




AEjFi- BF.Di 


• C D,E, 


A'' 





I,E,F, • I,F,Di • I.DiE, r,' 



and so on. 



AEF • BFD • C DE AE,F, • BF,Di • CD,E, 



Ai : A = 2R : r 



(9) 



T (10) 



(DEF)-^ ~ (J^iEiFif 

A, = 2Rs, Ai = 2R8,, A2=2Rs3, A3 = 2R^3 (11) 

A„A,AA=16R^A^ (12) 

Ao : A = 2R : r l 



(13) 



and so on. 
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a/ A-"*" A, 



A^ 
A, 



and so on. 



and so on. 



and so on. 



2AA, = abe» = 4Rr,r,rj "j • 
•2AA, = ahcii = 4Rr nr, / 

2rAo = 2r,A, = 2»-sA. = 2r^, = dbc 

Ao:A = A:DEF ^ 
A, : A = A:D.E,F. J 

A) : D E F = 4R= : r- -j 
A, :D,E,F,= 4R»:r,- J 

A," = R (r„ + »•,) (rs + r,) (r, + r„) 
A.*= R(n + r,)(r,-r)(r3-r) 
A,' = R(r, + r,)(fV-,)(r.-r) 
A3' = R(n+r,)(r,-r)(r,-r) 



(U) 

(15) 
(16) 
(17) 

(18) 
(19) 



Corresponding expressions may be obtained for 
ABC, HCB, CHA, BAH 

by substituting instead of 

R . »■ > n ) »*5 1 ''a 

JR, p, Pi, Pi, p3 

4Ao= 2(a, + «,)«, =2{P, + I3,)li, =2(y. + 7,)7, 

= (a, -a )(«,+«,)+ (ft-^)(A+A)+ (y»-y)(ri+y2) 

4A,= 2(a, + a,)a = 2(/J, - y8 ) /?, =2(7,-7)7, 

= -K-«)(«2+«j)+ (ft-/3)(ft+A)+ (ys-rXyi+ys) 
4A,= 2(a,-a)a, =2(ft+A)^ =2(y3-y)yi 
= («i-a)(««+aa)- {P.-Pm+Pi)+ (y,-y)(y.+ys) 

4A3= 2(a,-a)a. =2()8,-/8)A =2(7^ + 7,) 7 

= (a, -a. )(«,,+«,)+ (A-/3)(^,+A)- (7,-y)(y. + y»)J 



1(20) 
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I^BC = ^= "•'('■' + '"'^ 



2 2 Jr^r^ + r^rj^ + ryTz 



A I2C = -g- = VTr^^rvTz^T" 1 (21) 



The three preceding triangles are similar to Iil2l3 and expressions 
for them may be derived from the expressions for Aq by the 
comparison of homologous lines in the triangles. 

Thus in IiBC, I1I2I3 the perpendiculars IiDi, IjA, or r^, aj, are 
homologous lines ; 

therefore IiBC : Aq - ri* : Oi^. 

Similarly expressions may be found for 

triangles which are similar to 
I BC, AI3C, ABI2 I I3T2 or Ai 

I3BO, AI C, ABTi I J Ij or A., 

loBC, ATjC, ABI IglJ or A3. 

From these again, by making the appropriate changes in the 
letters, corresponding expressions may be found for 

triangles which are similar to 
AYZ, XBZ, XYC ABO 

HYZ, XCZ, XYB HOB 

CYZ, XHZ, XYA OHA 

BYZ, XAZ, XYH BAH. 
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Triangles connected with the Angular Bisectors, 

LMN = 
LM'N' = 
L'MN' = 
L'M'N - 



2a6cA 
(6 + c)(c + a){a + b) 

2abc/l 
Jb-^c)(a'-c)(a'-b) 

2o6cA 
(b - c)(c + a)(o - b) 

2abcA 



(6-c)(a-c)(a + 6) 



46- 
is, 

AjA-/3 
4«3 



(22) 



2abcA 



2abcA 



LL'M = 


(c + a)(6--c=') 


LL'N = 


(a + 6)(6=-c^) 


MM'N = 


2a6cA 


MM'L = 


2ahcA 


(a + b)(a''-<r) 


(6 + c)(a»-c«) 


NN'L = 


2abcA 


NN'M = 


2a6cA 


(b + cXa'-b^) 


(c + a)(a^-6») J 



(23) 



2ab€A 



2abc/\ 



LL'M' = -^ ttt:; ^ 

(a-c)(6--c-) 


LLN^ ^^a-b){b'-c') 


2rt^c'A 


•2abcA 


^^^- (a-6)(«»-c») 


MML- (j_„)(„._^) 


NNL- (i_„)(„._js) 


TTN'M' ^''^''^ 


NNM- ^„ _,)(„._ ft.) J 



(24) 



LMN : Ao = 4siS.8s : (6 + c)(c + a){a + 6) 
L M'N' : Ai = 4« Sg^g : (6 + c){a - c)(a - 6) 
L'M N' : Z\2= 4« «3Si : (5 - c){c + a)(a - b) 
L'M'N : A3 = 45 s,52 : (^> - c){a - c){a + 6) 



(25) 
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Triangles connected with the Orthocentre. 
^BX = - ^^' -Z^^ ACX = ^"^'If^^ ^ 



BCY = 
CAZ = 






BAY = 



CBZ = 



(-a2 + 62 + c2)^ 
2(^ 



(26) 



A,= HCB = 
Aj = CHA = 
A. = BAH = 



(« 


-=-6' + c=)(a= + 


t^-c") 




IGA 




(«' 


+ y'-<r)(-a' 


+ 6= + c») 




16A 




(- 


a^ + fts + c^Xa' 


-6' + 



J6A 



(27) 



HBX = 
HCX = 



32a2A 
32a2A 



] 



I (28) 



^YZ = l^t.^±^, XBZ J"--*^-^^^)'^- ^ 



4cW 



XYC = 






(29) 



Y^^ (-a^ + 6^ + c^)(a^~6^ + c^)(a^ + 6^-c^)A 



DEF :XYZ = r : 2/> 
DiEiFi:XYZ = ri : 2/o 



and so on. 



(31) 
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and so on. 



Ao : A =48 :x + y + z 
Ai : A =4si:x + 2/ + s 



(32) 



Miscellaneous. 

IIiO • 8A = a6c(c-^ 
IIoO • 8A = a6c(c-a) 
IT3O •8A = a6c(a-6) J 



"1 

■a) 



(33) 



II,H •8A = a(c-6)(6« + c''-a») ' 
I IjH • 8 A = b{c - a) (c» + «« - 6'') 
IT3H • 8A=c(a-6) (o' + ft^-c") 



(34) 



(2 Ijljl - IjIjO) 8 A = 06c (6 + c) 
(2 I J J - 1,1,0) 8 A = abc (c + a) 
(2 I, IJ - I,Ij6) 8 A = abc(a + b) j 



(35) 



(2 IJjI - IJ3H) 8A = a(6 + c) (6« + c* - a") ' 
(2 T,T,I - I3I.H) 8 A = b{c + a){(^ + a'- 6») 
(2 IJJ - I.TjH) 8 A = c(a + 6) (a' + b'- c") 



(36) 



IHO-8A = s(c-6)(c-a)(a-6) "^ 
IiH O • 8A = Si(c- 6) (c + a) (a + 6) 
IjH O • 8A =Sj(6 + c) (c - a) (a + 6) 
I,HO-8A=S3(6 + c)(c + a)(a-6) 



(37) 
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1 1,0 • 8 A = (n - r) (r, - r,) {r,r, + rr,) \ .3^. 

and so on. . i 



and so on. 



I IiH • 4 A = (ri - r) (rg - r.) {r^r^ - rr^) 



(39) 



(2 I J3I - I2I3O) 8 A = (r + rO (r, + rg) (^-.rg + rr,) 
and so on. 



} m 



(2 1.1,1 - IJ,H) 4 A - (r + r,) (r, + r,) (r,r, - rr,) 
and so on. 



} (41) 



I H O • 32 A = ^(n - ^2)(n - ^3)(^' - ^3)(^i - ^)(^2 - ^)(^8 - ^) 

LH O • 32 A = .5-(n + »*2)(n + r.,){r., - r^)(r, - r)(r2 + r){rs + r) 
and so on. 



(42) 



It is probable that some of the preceding 42 formulae may belong to earlier 
dates, and to other authors than those indicated below. I shall be glad if any 
reader, who knows of earlier sources than those I have recorded, will take the 
trouble to inform me. 

(2), (3) Mr E. Hain in NouveUe Correspondancc Math^matique, I. 75 (1874-5). 

(5), (6) Feuerbach, Ei(jen8chaft€n...d€8...Drei€ck8t §§8, 9 (1822). 

(7), (8) Mr B. Mollmann in Grunert's Archiv, XVII., 396 (1851). 

(9), (10) Mr Oombier gives the first of each of these expressions in the Journal 
de MatMiruUiques tUmentaires, III., 351 (1879). 

(11), (12), (14) Mr B. Mollmann in Grunert's Archiv, XVII., 393-6 (1^51). 

(13) C. J. Matthes gives the first expression in Gominentatio de ProprietcUibus 
Quinque CirciUorum, p. 55 (1831) ; T. S. Davies gives the others in the 
Lady's and Oentleman's Diary for 1842, p. 87. 

(15) The first expression is given by Mr A. R. Clarke in 1847 in the Mathe^ 
maticiany III., 46 (1856) ; all are given by Mr 0. Hellwig in Grunert's 
^rcAtv, XIX.,* 43 (1852). 

(17) Theee proportions are implied in Feuerbach, Eigen8ch>aften...de8...Dreieck8f 
§61 (1822). The first of them is given by C. J. Matthes in his Commeu' 
tcUio, p. 55, and also the first of (18). 
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(19) The fiist expreserion is giren by C. Adams in his Eig€n8chaften...de8... 

Drtieeity p. 61 (l^^* : thtr corresponding expression for ABC is given 
on p. 62. 

(20) The last values of each of thc^e set;s are given by Thomas Weddle in the 

Lady's and Gtntlemtans Diarw for 1815, p. 75. 

(21) T. S. Davies in the Ladys nnd Gmtleman'i Diary for 1842, p. 88. 

(22)-(25) Mr Geoiges Dostor in the Journal de Math6matiques EUmentaires et 
Sp^tiales^ IV. 21-23 (1880). The firet expression for LMN, however, is 
given by Gronert in his article " Dreieck," quoted on p. 25. C. F. A. 
Jacobi, De Triaivjuloritm, Bfctilhmnrum Proprietatibus, p. 15 (1825), 
g^ves the expressiwi 

_ 2A 

(a + b + r){ '. + ^ + _L)-l ■ 

(26)-(28) Mr C. HeUwig in Gnmerts ^rfAir, XIX., 25-26 (1852). 
(30) Feuerbach, Eigensckaften...des...Drfifcks, §23(1822). 
(31)-(32) C. Adams, Eiffauekaften..d(s...Drti<TkSy pp. 54, 53 (1846). 
(33)-(42) Mr C. HeUwig in Grunert*a ^rr^ir, XIX., 43-50 (1852). 
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Fliioker'B filrst equation connecting the singularities of 
Curves. 

By Cargill G. Knott, D.Sc. 

[The following notes are exactly as I left them in the hands of the 
Committee of the Society eleven years ago. They are printed 
now in the hope that, chiefly because of their brevity, they 
may be found useful to members, who may not have leisure or 
opportunity to read up the subject in the recognised text-books. 
—Jan., 1894. 0. G. K.] 

Let U =/(iB, y, ») = be the equation in trilinear coordinates of 
a curve of the n'* degree. 

The nmnber of terms is obviously 

1 + 2 + 3 + +(n + l) = J(n+l)(n + 2). 

Hence |(n + l)(n + 2) - 1 = Jn(n + 3) points determine a general 
curve of the n** degree. 

According to Fliicker, a curve may be considered as kinematically 
described by a point which moves along a line which continually 
rotates about that point. 

This conception gives very simple notions as to the nature of 
singularities — double points, cusps, points of inflexion, double 
tangents, and so on. 

Of these, only the cusp and point of inflexion are true singu- 
larities, the former being produced by a stationary point, the latter 
by a stationary lina 

Still, a singular point may be more generally defined as a point 
which has descriptive properties not, in general, possessed by other 
points. 

For example, a double point has two tangents, a triple point 
three, etc., a double tangent touches the curve in two distinct 
points, or, more strictly, meets the curve in two pairs of coincident 
•^ points. 

In the equation U —f{xyz) = 
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substitute for x the expression Xx + ^j, for 3/, Xy + ftyj, and for s;, 
Xar + /u«i. Then by Taylor's theorem U becomes 

|2 \n 

7) 7) 7) 

where V = a^^ +2/i^ + «i^» 

003 oy oz 

This gives w values of A//x if equated to zero. That is, any 
arbitrary line cuts the curve in n points real or imaginary. 

If the point xyz is on the curve as well as the point 
{Xx + /jLx\ etc.) then U = 0, and there are (w-l) other points of 
intersection. 

If, further, VU = 0, then there are two coincident points 
(A/^ = 0), and 

S7V = x,-—+ y^.— + z^—.=0 
ox oy oz 

is the equation of the tangent at the point {xyz\ Xi y^ Zj being any 
point on the tangent. 

If the point oCjyiZi is fixed, the equation V^ = of degree (w - 1) 

in xyz represents the First Polar, a curve of the (n-1)** degree 

cutting the curve 

U = 

in w(w- 1) points, which include all the points to which tangents 
can be drawn from the points x^yiZ^, 

The greatest number of tangents which can be drawn from any 
point to the curve, is called the cIclss of the curve. 

In the general curve of the w'* degree the class is n{n - 1) ; but 
if singularities exist the class is not so great. 

But the equation syJJ = may be true whatever x^yiZ^ may be 

fl=0.^ =0.^=0 at..,.. - 

dx oy oz 
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That is, any line through xyz cuts the curve in two coincident 
points, or in a double point. 

Hence V^ = must pass through all the double points. 

Or the First Polar passes through the double points of a curve. 

Hence, if there are 8 double points, since each double point 
counts for two, the other intersections cannot be greater than 

n(n-l)-28, 

and this is of course a superior limit to the number of tangents 
than can be drawn from a given point to the curve. 

Consider more closely the conditions 

iE=o, IE =0,^=0. 

hx dy dz 

Here there is, generally speaking, if V*U d^®s not identically 
vanish, a node. The particular character of the node is got by con- 
sidering the properties of V*U. 

If V'tr = as well as U = 0, VU = 0, there are three co- 
incident points. 

For a double point the equation V^^ = gives two lines — two 
values of Xiy^z^. 

In certain cases, however, these tangent lines coincide, namely, 
when 

V^U is a complete square, 

i.e., when 



^u _^i g'u V ^ 2 
df \dxdy ) 






df dx" \dzdx} 
But in this case the tangent to any First Polar 

vu=o 
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is given by the condition 

independently of the values x^y^Zi in SjJJ 

•a^u 9«u a»u 



or 



da^ dxdy dxdz 



= = H 



dxdy dy^ 



must be satisfied. But evidently X = 0, Y = 0, Z = satisfy this. 

Hence at a cusp every first polar passes through the curve and 
has the same tangent with it — that is, meets the curve in three 
coincident points. 

Hence if there are k cusps, each cusp counts for three points, 
and the other points of intersection, or, what is the same thing, the 
class of the curve, is 

n{n-l)-28-3K. 



The equation H = is called the Hessian. Its order is 3(n - 2). 
It intersects the curve in Sn(n - 2) points ; and if there are no 
nodes or cusps these are points of inflexion of the original curve 
and the Hessian meets the curve in three coincident points. 

Hence, generally, if i = number of inflexions 
i = 3w(n-2). 

But if there are nodes and cusps, this number l is reduced. 
The analytical condition for the Hessian is 

U = 0, vu = o, V"U = 0. 

But for a double point U and V^ vanish independently of 
ot^iZi ; and the polar conic V^^ = reduces to the two tangents at 
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the double point ; hence with these conditions a^yi^i may be a point 
anywhere on either of the tangents. V^ vanishes because 



dx dy dz 



or 



05-—-— +y + z = (n-1)--— =0 

dx" ^dxdy dxdz ^ ' ^x 



... etc. .. 
... etc. .. 

Whence eliminating xy% 



= 
= 



H = 0, the Hessian. 

Or the Hessian also passes through all the double points. 

But, the general condition of there being three coincident points 
in which H intersects U obviously requires that H must touch TJ 
there, must have the two tangents also two tangents, must itself 
have a double point there. 

Hence a double point counts for 6 intersections between H and U. 

For rigid proof, take the node as origin. Hence U contains no 
term in x and y lower than the second degree. Consider the lowest 
dimensions of H = in aj and y, thus : 



1 1 

1 1 

1 1 2 



Hence the order of the lowest terms in x and y is 2. Therefore 
H = has also a double point at the origin. 

Again, let the tangent at the origin be the line x. Then x will 
be a factor in the equation U = and must be present in the 



3»U 


3»U 


3»U 


3a? 


aa% 


Bxdsi 


8»U 


3»U 


8»U 


8a% 


9y" 


3y3s! 


9"U 


3»U 


3»U 


'bxbz 


Tiybx, 


W 



expressions 



a^u a^u 



dydz' 



term of H^O. Hence x is also a tangent to H. 



one of which is present in every 
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Hence if there are 8 nodes 

6 = 3n(w-2)-6S. 

Take now the case of the cusp. Take it as origin and let x = 
be the tangent. Then 5c^ is .a factor in U=«0, Hence the lowest 
dimensions in x and ^ of H are 






1 


1 


1 


1 


2 


1 


2 


2 



Hence 3 is the order of the lowest term in H = 0, and each term 
contains a^ as a factor. Hence this point is a triple point on H 
formed by a simple branch passing through a cusp ; and the co- 
incident tangents coincide with the cuspidal tangent. But a triple 
point and a double point meet in 6 coincident points, and the 
common pair of tangents means other two points. Hence H cuts U 
at a cusp in 8 points. 

Hence if there are 8 nodes and k cusps 

t = 3w(n-2)-68-8/f. 

The possible double points to the curve are limited in number ; 
they cannot exceed |(w-l)(w-2). For, if possible, let there be 
J(n-l)(n-2) + l. 

Then, these points together with (n - 3) other points will deter- 
mine a curve of degree {n - 2) because these together give 

i(w-2)(n+l) = |{n-2}{n-2 + 3}. 

Hence this curve of degree (n - 2) intersects the curve of degree n in 

(w - l)(n -2) + 2 + w-3 points 

= (n-l)2 = w(w-2) + l 

which is impossible. 

The number 

D = |(n-l)(w-2)-8-K 

is called the " deficiency " of the curve. It is of great importance 
in the theory of transformations. 
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The curve for which D = is unicursal. 

The curve for which D = 1 is bicursal, and so on. 



Fifth Meeting, July 13<A, 1883. 



John Sturgeon Mackay, Esq., M.A., President, in the Chair. 
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